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Holder regularity at the boundary of 
two-dimensional sliding almost minimal sets 

Yangqin FANG 


Abstract 

In [15], Jean Taylor has proved a regularity theorem away from 
boundary for Almgren almost minimal sets of dimensional two in 
It is quite important for understanding the soap films and the solutions 
of Plateau’s problem away from boundary. In this paper, we will give 
a regularity result on the boundary for two dimensional sliding almost 
minimal sets in It will be of use for understanding their boundary 
behavior. 


1 Introduction 

In [4,5], Guy David proposed to consider the Plateau Problem with sliding 
boundary conditions. That is, given a closed set B C M"", and an initial 
closed set Eq D B, we aim to find a competitor E such that 'H‘^{E \ B) 
attains the infimum among all the competitors of Aq, where d is an integer 
between 0 and n. The sliding conditions seem very natural to Plateau’s 
problem (or soap films). One of the advantages is that it may be easier to 
prove some regularity at the boundary. In fact, paper [6] paves the way to 
show the regularity. 

In the recent papers [11, 14], the authors have proposed a direct ap¬ 
proach to the Plateau problem with sliding boundary conditions. Eventually 
they proved an existence result. Which is that when B is a closed set with 
'H'^{B) = 0, then there exists (at least) a sliding minimizer for the Plateau 
problem with sliding boundary conditions. 

The aim of the present paper is to study the regularity of the sliding 
minimizer. In [15], Jean Taylor proved that any 2-dimensional reduced al¬ 
most minimal set in is locally C^-diffeomorphic to a minimal cone. Here 
we hope to prove a similar regularity result at boundary for sliding almost 
minimal set. That is, at the boundary it is locally C^-diffeomophic to a slid¬ 
ing minimal cone. But unfortunately we do not prove the C^-diffeomophic 
equivalence at this time. In this paper, we show that if i? C is a reduced 
2-dimensional set with a sliding boundary condition given by a smooth 2- 
dimensional surface, then E is locally biHolder equivalent to a sliding mini¬ 
mal cone. 
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In [3] and [2], Guy David has given a new, more detailed, proof of a good 
part of Jean Taylor’s regularity theorem for Almgren almost minimal sets of 
dimensional 2 in M^, and generalized it to At the same time, he proved a 
theorem of almost monotonicity of density for almost minimal sets away from 
the boundary. In fact, his proof of Holder regularity relies on the theorem of 
almost monotonicity of density and a Reifenberg parameterization. In [6], he 
established a very similar result as in [3], a theorem of almost monotonicity 
of density at the boundary for sliding almost minimal sets. This allow us 
to prove the Holder regularity of these sets on the boundary in some case. 
At the end of the paper, we will discuss how to use regularity result blow to 
prove some existence results. 

Let us begin with some notation and definitions. A gauge function is a 
nondecreasing function h : [0, oo] —)• [0, oo] with limt_s.o h{t) = 0. Let J > 0 
and an open set U C M” be given. A J-deformation in U is a family of maps 
from U into itself such that 

(fi is Lipschitz and = idc/, 


the function 

[0, 1] X U ^ U, (t, x) I—>■ ipt(x) 

is continuous, W is relatively compact in U and diam(lT) < J, where 

W=[j {WtiJn{Wt)),Wt = {x&U-^t{x)^x}. (1.1) 

te[o,i] 

We say that a relatively closed d-dimensional set E G U is (U, /i)-almost- 
minimal if it satisfies 

n‘^{E n Wi) < n’^iifiE n Wi)) + h{5)6'^, 

for any J-deformation In [15], Jean Taylor proved that if U is an 

open set in M^, ill is a reduced ([/,/i)-almost-minimal set and h{r) < cr^, 
then for any x € U, there is a small neighborhood of x contained in U and in 
this neighborhood, E is diffeomorphic to a 2-dimensional minimal cone, 
while 2-dimensional minimal cones are planes, cones of type Y and cones of 
type T. 

In this paper, we concentrate on boundary regularity, and always consider 
the following sliding boundary conditions. Let H C M” be a closed domain 
in M”. Let Li be a closed sets (it will be consider as the sliding boundary). 

Definition 1.1. Let U be an open set. For J > 0, we say that a one param¬ 
eter family {ipt}o<t<i of maps from U into itself is a J-sliding-deformation 
in U, if it satisfies the following properties: ipQ = id^/, ipi is Lipschitz, 
{t,x) I—)■ is continuous on [0,1] x U, ^pt{x) G Li for any x G Li and 

any t G [0,1], W is relatively compact in U and diam(lT) < 6. 


2 


Let E C ^ he closed in we say that a closed subset F C n is a 
competitor of S in 17, if F = ^i{E) for some sliding deformation {(pt}o<t<i 
in U. 

Definition 1.2. Let C be closed in U. We say that E is (17, li)-sliding- 
almost-minimal, if for each <5 > 0 and each J-sliding-deformation 
we have 

n'^{Ef^Wl) <'H•^{ipl{Ef^Wl)) + h{5)6'^, ( 1 . 2 ) 

where Wi = {x G 17; <pi{x) 7 ^ x}. 

We say that E is an j4+-sliding-almost-minimal set in 17 if under the 
same circumstances, 

n'^iE n Wi) < (1 + h{6))n'^{ipi{E n Wi)). 

In the definition of (17, /i)-sliding-almost-minimal set, we can replace in¬ 
equality ( 1 . 2 ) by the inequality 

n^^iE \ ^i(E)) < n'^i^fiiE) \ E) + h(j)5^ 

at least if that Li is not too bed, see [ 6 ]. 

When n, Li and gauge function h are clear, and 17 = M"". For simplicity, 
we may say that an (17, /i)-sliding-almost-minimal set E is sliding almost 
minimal (in fl with sliding boundary Li). It quite easy to see that for any 
(17, /i)-sliding-almost-minimal set E, E\Li is (17 \ Li, /i)-almost-minimal. 

We say that E is (sliding) minimal in U if it is (sliding) almost minimal 
with gauge function h = 0, that is, 

n'^{E n LFi) < n^{ipi{E n Wi)) 

or 

n’^{E\ME))<n‘^iME)\E) 

for any (sliding) deformation {(^t}o<t<i in 17. 

We say that a d-dimensional set E is reduced if E = E*, where 

E* = {x € E \ '}E^{E n B{x, r)) > 0 for every r > 0}. 

We can prove that 

'H‘^{E\E*) = 0 

and that E* is also (sliding) almost minimal when E is (sliding) almost 
minimal, see for instance [3, 6 ]. In this paper, we always assume that a 
sliding almost minimal set is reduced. 

For any set E, any point x £ E and any radius r > 0, we set 



where cOd denote the Hausdorff measure of d-dimensional unity ball. If the 
limit 

lim 6e(x, r) 

)—>-0 

exists, we will denote it by 0e{x), and call it the density of E at the point 
X. When E is given, and there is no danger of confusion, we may drop the 
subscript E and denote it by 9{x). A property of almost monotonicity of 
density for sliding almost minimal set will be often used. That is. Proposition 
5.27 in [3] and Theorem 28.7 in [6]. We now put them together, it can be 
stated rough as follows: 

6E{x,r)e^^^'"^ is a nondecreasing function of r, (1-3) 


when r small, where PI is a sliding almost minimal set with gauge function h, 
and A{r) = /i(2t) y. Let’s refer to [6] and [3] for more detailed statement. 

We get that from (1.3) that when PI is a sliding almost minimal set, for any 
X G PI, the density 0e{x) exists. 

A blow-up limit of a set E at x € E is any closed set in M" that can be 
obtained as the limit of a sequence {r^^{E — x)} with limfc_^oo = 0. 

A set E in M” is called a cone centered at origin 0 if for any x € E and 
any t > 0, tx € E. In general, a cone is a translation of a cone centered at 
origin. 

Suppose that PI is a sliding almost minimal set, and x G PI. If x is not 
contained in the sliding boundary, then any blow-up limit of PI at x is a 
minimal cone in M”, see [3]; if x is in the sliding boundary, then any blow-up 
limit of PI at X is a sliding minimal cone, see [6]. We also refer to [3] and [6] 
for the basic properties of blow-up limits. 

The main theorem of the paper is following: 

Theorem 6.1. Let S C be a connected closed set such that the boundary 
dE is a two-dimensional submanifold. Suppose that x is a point in (9S, U 
is a neighborhood of x, PI C S is an ([/, P)-sliding-almost-minimal set with 
sliding boundary dE and E D dE. Then for each small r > 0, we can hnd a 
radius p > 0, a sliding minimal cone Z in with sliding boundary Li and a 
biHolder map 4> : B(x, 3pj2) H n —)• B(x, 2p) H S such that 


G dT, for z G Pi, \\(j) — id||oo < 3t, 
C\z-y\^^^ < \(p{z) - (p{y)\ < C~^ \z - y\^ , 

B{x,p) nE c 4> ^B ^x, nc B{x,2p) n s, 
E n B{x, p) G (j) (z n B (x, cPlnP(x, 2p). 


where is a half space and Pi is the boundary of n. 
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The list of 2-dimensional sliding minimal cones which contain Li is not 
complicated, which is following: Li, cones Li U Z, where Z is a cone of type 
P_l_ or Y+. See Section 3 for precise definitions and see Theorem 3.11 for a 
precise statement. 

It seems to be a reasonable condition for soap film that E D dE. In soap 
him experiments, if we dip a shape of wire into some soapy water, when we 
pull it out we shall obtain a surface created by the soap him. The wire is 
considered as the sliding boundary, and the surface is consider as a sliding 
almost minimal set. Actually, this surface seems to contain the wire. Thus 
the assumption E D dTi seems natural to the author. 

It would be also very interesting to consider the regularity at the bound¬ 
ary of sliding almost minimal sets which do not necessarily contain the 
boundary. But unfortunately, without the assumption E D we do not 
have a satisfactory result. Because in this case, the blow-up limits of S at a 
point X € E D dTi could be cones of type T_|_ or cones of type V. See Section 
3 for a precise dehnitions of these cones. When a blow-up limit is a cone of 
type V, we will meet trouble (Figure 1 is an example of potential soap him 
for which regularity seems difficult to prove). 



The set of Y-points 

Thin vertical triangular wall T 


Figure 1: blow-up limit at 0 is a cone of type V 


2 One dimensional sliding minimal sets in a half 
plane 

In this section we discuss one dimensional sliding minimal sets in a half plane. 
We discuss the one dimensional case, because it is very easy, and the list of 
one dimensional sliding cones will be used to classify the two dimensional 
sliding minimal cones in a half space. For simplicity, we assume that 

0 = {(x,y) G I y > 0}, 

Li = {(x,0) G I X G M}. 

For any t G M, and any a G (0, |), we set 

Pt = {{t,y) I y > 0} 


and 

Va,t = {ix,y) ■■ y = \xtana + t\}. 
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It is very easy to see that the set Pt and Pt U Li are sliding minimal. It is 
also not hard to see that Va,t is minimal if and only if 0 < a < 

Lemma 2.1. Let and Li be as in (2.1). Suppose that E is a minimal 
cone in Ll with sliding boundary Li centered at 0. Then E is one of Li, Pq, 
Pq U Li and Vafi for some a € (0, |). 

Proof. Let K = Er\dB{{), 1). We note that X is a hnite set because otherwise 
^.^{E n 11(0,1)) = oo. Write K = {ai, • • • , On}, and denote by li the ray 
form 0 through the point a,. Suppose ai,aj € Ll\Li, i ^ j. Similarly to 
(10.3) in Lemma 10.2 in [3], we can get that 

27r 

Angle(/i,/j) > y. 

Therefore, there are at most four point in K. 

Case 1, if there is only one point in K, i.e. K = {ai}. It is easy to see 
that ai (1,0) and oi ^ (—1,0). If oi = (0,1), it is very easy to see that E 
is minimal. If oi ^ (0,1), we put oi = (x,y), then 

E' = {(x, ty) I 0 < t < 1} U {{tx, ty) | t > 1} 

is a competitor of E, and P^{E') < P.^{E). Then E could not be minimal. 
In this case, E = Pq \s a. ray which is perpendicular to Li. 

Case 2 , there are two points in i.e. K = {oi, 02 }. If oi = (—1,0) and 
02 = (1,0), then E = Li. If oi = ( — 1,0) and 02 / (1,0), then 

E" = (£;\ 5 ( 0 , 1 )) u [ 01 , 02 ] 

is a competitor of E and P^[E") < P^{E). Then E could not be minimal. If 
02 = (1,0) and oi (—1, 0), for the same reason as before, E is not minimal. 
If oi, 02 0 {(—1, 0), (1, 0)}, we put oi = (cos ai, sin ai), 02 = (cos 0 : 2 , sin a 2 ) 
and 02 = (cos 012 , — sin 02 ) with 0 < a 2 < cti < then 

'?l^([oi, 0 ] n [ 0 , 02]) > ?l^([oi, 02]), 

and with equality if and only if ai + 02 = tt- It means that when 02 
(—cosai,sinQ!i), E could not be minimal. We now suppose that 02 = 
(— cos «!, sinai). Then E = Vaifi, and 0 < ai < | because E is minimal. 

Case 3, there are three point in K. Write K = { 01 , 02 , 03 }, oi = (xi, yi), 
0.2 = (x 2 , 2 / 2 ) and 03 = (X 3 , 2 / 3 ), xi < X 2 < X 3 . If xi / —1 and X 3 / 1, then 

Stt 27r 

Angle(/i,Z 2 ) > and Angle(/ 2 ,/ 3 ) > ( 2 . 2 ) 

that is impossible. If xi = — 1 and X 3 1, then 

27r 

Angle(/2,?3) > y. 
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thus — 1 < X 2 < — We can see that 

E'" = {E\ B{0, 1)) U [0, ai] U [(x 2 ,0), 02 ] U [0, 03 ] 

is a competitor of E, and ^^{E"') < thus E could not be minimal. 

Similarly, we can see that we cannot have xi 7 ^ 1 and X 3 = —1. We now 
suppose that xi = —1 and X 3 = 1, i.e. ai = (—1,0) and 03 = (1,0). If 
X 2 / 0 , then 

E"" = Li U {{x2,ty2) I 0 < t < 1} U {(tx 2 ,ty 2 ) I ^ > 1} 

is a competitor of E, and l-L^^E''") < ^{^{E), E is not minimal, impossible! 
If X 2 = 0, then 02 = (0,1). That is, E = PqU Li. 

Case 4, there are four point in K. If there are at least three point in 
dB{ 0 , 1) n n \ Li, similarly to (2.2), that is impossible. Thus there at most 
two point in dB{ 0 , l)nr2\Li, so there are exactly two point in dB{ 0 , l)nn\Li 
and exactly two point in dB{ 0 , 1 ) H II n Li. We put K = {01,02,03,04}, 
Oi = (- 1 , 0 ), 02 = (x 2 , 2 / 2 ), 03 = (X 3 ,y 3 ), 04 = ( 1 , 0 ), 02 = (x 2 , 0 ) and 
03 = (x 3 ,0). Then 

'?I^([o 2 , 0 ] n [ 0 , 03 ]) > 'H^([o 2 , 02 ]) + ^^([ 03 , 03 ]), 

which means that E could not be minimal. □ 

Proposition 2.2. Let H and Li be as in (2.1). Suppose that E is a sliding 
minimal set in H with sliding boundary Li, and E D Li. Then either E = Li 
or E = Pt U Li for some t G M. 

Proof. For r > 0, we put Er = 7 FI, Ar = TIC] 11(0, r) and 5^ = Hn 9il(0, r). 

We claim that there exists a sequence {r^}, such that —>■ 00 and there 
are at most three point in E n Sr„ ■ 

Since E is sliding minimal, we have that 0_E(O,r) is nondecreasing and 
bounded, see [ 6 , Theorem 28.4]. Thus for any e > 0, we can hnd > 0 
such that 0 ^( 0 , r) > 6e{0,oo) — e for r > r^, where we denote 0 ^( 0 , 00 ) = 
lim 0e{ 0, r). We can easily see that 0e^{ 0, t) = 0e{ 0, rt). If we take r > 2r^, 

r^oo 

then 

(^Eri^P) = 6E{0,rt) > dE{0,oo) - e = 6»e^(0,cx)) - e, Vt > 

We now let r with 0 < r < 5 and e be as in Proposition 30.3 in [ 6 ]. We 
take to > 2 and apply Proposition 30.3 in [ 6 ], and get that there is a minimal 
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cone T centered at 0 such that 



n\Err\B{y,u))-'H\Tr\B{y,u))\ < rto (2.3) 



n B{0, t)) — T-L^{T D B{0, t))| < rt, + r < t < to — t- (2-4) 


If we put N{t) = ^ {dB{0, t) Cl E), then by Lemma 8.10 in [3] or Theorem 
3.2.22 in [10], 



Combining this with (2.4), we can get that, for (^ + r) r < s < (tg — 'r)r. 



But to can be chosen arbitrarily large, thus we can find a sequence {sn}^i 
such that —>• oo and N{sn) < 4. Since Li C E, we have that N{s) > 2 
for any s > 0, thus 2 < N{sn) < 3. 

If N(s) = 2 for some s > 0, by minimality of E, we can get that 


.EnS(0,s) = Lr\B{0,s). 

If N(s) = 3 for some s > 0, we suppose that 

E n dB{0, s) = {(-s, 0), Xs, (s, 0)}, X = {xs, Vs)- 


If the points Xg and 0 are not in the same component of Li Pi B{0, s), then 
by minimality of E, we can see that Xg is the only point in the component 
of Li n B{0, s) which contains the point Xg, and 

EnB{0,s) = LriB{0,s). 

If the points Xg and 0 are in the same component of E Ci B{0, s), then there 
is a path in EriB{0, s) from Xg to 0, we denote it by 7 : [0,1] —>■ LinS(0, s) 
with 7 ( 0 ) = Xg and 7 ( 1 ) = 0. Let 


Vo = inf{r; G [ 0 , 1 ] | 'y{v) G Li}. 


Then 


E' = [X„ 7 (z;o)] U (Li \ 5(0, s)) U (Li n 5(0, s)) 


8 







and 


E" = [(x^, ys), (xs, 0)] U (£' \ B{0, s)) U (Li n B(0, s)) 
are competitors of E, and 

n\E" n B{o, s)) < n\E' n b{o, s)) <n\En b{o, s)). 

By minimality of E, we get that E" = E' = E. We put 7 (t'o) = {ts, 0), then 

E n B(0, s) = {Pt, U Li) n B{0, s). 

If there exists a sequence {nk}'^i such that N{snf,) = 2, then 

EnB{0,Sn^) = Lin5(0,SnJ 

for any k > 1] thus we get that E = Li. 

If there exist an integer no > 1 such that N{sn) = 3 for n > no, then 

E n B{0, sn) = {Pts^ U Li) n B(0, s„), 

and = tsnQ for ^riy n > uq. By putting t = ts„^, we get that E = 

PiULi. □ 

3 Two dimensional minimal cone with sliding bound¬ 
ary 

In this section we consider a simple case in our domain O is a half space, 
and the boundary Li is the plane which is the boundary of In the domain 
0, we will see what does a sliding minimal cone look like. For simplicity, we 
assume that 

0 = {x = (xi, X 2 , X 3 ) G I X 3 > 0 }, 

Li = {x = (xi,X 2 ,X 3 ) G M I X 3 = 0}. 

Let us refer to paper [3] for the dehnition of cones of type Y and T. We 
say that a cone Z C O is of type P+, if Z is a closed half plane which is 
perpendicular to Li and through 0, i.e. the intersection of with a plane 
which is through 0 and meets Li perpendicularly; similarly we say that a 
cone Z C n is of type Y+ if it is a intersection of H with a cone in of 

type Ywhich is perpendicular to Li. Recall that a cone Z in of type Y 

is the union of there half planes bounded by a line i, called the spine of Z. 
Here we say that a cone of type Y is perpendicular to Li, if the spine of the 
cone is perpendicular to Li. We will check that cones of type P+ or Y+ are 
sliding minimal. 

Let Z be a cone of type T, we say that Z is perpendicular to Li if the 
center of Z locates at the origin and Z n is a cone of type Y+ in the 
domain 
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We say that a cone Z C 0 is of type T_|_ if it is the intersection of 
with a cone of type T which is perpendicular to Li. In this paper, we do not 
discuss whether or not a cone of type T_|_ is sliding minimal. 

A cone Z C is called of type V is it can be written as Z = ^(M x V^,o) 
where is a rotation which maps Li into Li, Vafi is cone in a half plane 
dehned as in Section 2 and 0 < a < 

Lemma 3.1. Let LI, Li be as in (3.1). If Z is a cone of type P_|_ or Y+, 
then Z is a sliding minimal cone. If Z = Z' U Li and Z' is a sliding minimal 
cone of type or ¥+, then Z is also a sliding minimal cone. 

Proof. Suppose that Z is of type or ¥+, which is not sliding minimal. 
Then there is a competitor of Z, say E, such that 

n^{E\Z) < n^{Z\E). 

Let cr : —>■ be the reflection with respect to the plane Li. That is, for 
any (xi, X 2 ,X 3 ) G M^, it(xi,X 2 ,X 3 ) = (xi,X 2 , —X3). Then E = EU cr{E) is a 
competitor of Z = ZUit(Z), and 

n^{E\Z) < n^{Z\E). 

But we know that Z is a plane or a cone of type ¥, which is minimal in M^, 
that gives a contradiction. 

Now suppose that Z = Z' U Li, where Z' is cone of type P_|_ or ¥+. Let 
E be any competitor of Z. Suppose that E coincide with Z out of the ball 
11(0, r/2). Let tt : —)> M be the function dehned by 7 r(xi, X 2 , X 3 ) = X 3 . By 
using Lemma 8.10 in [3] or Theorem 3.2.22 in [10], we get that 

[ apJmTT{z)dn‘^{z) = [ [ lB{o,r)nE{z)dn^{z)dn^{y), 

JEnB{0,r) JJz£n~^{y) 

where apJmE{x) is the approximate Jacobian, see [10]. We can check that 
apJm'E{z) < 1 for any z G E. Thus 

n\EnB{0,r)\Li)> r [ lEnB{o,r)iz)dn\z)dn\y). 

Jo Jz^TT ^{y) 

For any 0 < y < r, 7r~^(y) is a plane, and Z n 7r~^{y) is a line or a Y 
in this plane, so it is minimal in the plane. But E H 7T~^{y) coincide with 
Zr\Tr~^{y) out of the ball 1 ), and it is not hard to check that Ernr~^{y) 
is connected. Thus 


lzew-^{y) 


'^EnBio,r)iz)dn^iz) =n^{Er\ B{0, 1) n ir-^iy)) 

>n\znB{o,i)mr-\y)) 

= / ^znB{0,r){z)d7i^ {z), 

J Z^TT~^{y) 
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hence 


V.\Er^B{{),r)\L^)> r [ IznBio,r){z)dn\z)dn\y). 

^0 Jz^TT ^(y) 

Since Z = Z' Ci Li, and Z' is a cone of type P+ or Y+, we have that 

n\ZnBiO,r)\Li)= r [ lznBio,r}{^)dn\z)dn\y). 

Jo Jz^TT ^(y) 

We get that 


n'^iE n B{0, r) \ Li) >n\zn B{0, r) \ Li), 

thns 

n^{E\z) <n\z\E), 

and Z is minimal. □ 


Let Q be any convex polyheddron, x be a point in the interior of Q. If 
F C <5 is a compact set with x ^ E, then we can find a Lipschitz map 

B-q^x ■ 1^^ (3.2) 

snch that 

^q,x\q^ = idgc, IIq^x{E) C dQ. (3.3) 

Indeed, we take a very small ball B{x,r) snch that B{x,r) H F = 0, and 
consider the map (/j : \ i?(x, r) —>■ defined by 




y, ye Q"] 

{ty + (1 — t)x I t > 0} n dQ, X G Q \ B{x, r). 


ip is Lipschitz on \B{x, r). By the Kirszbrann’s theorem [10, 2.10.43], we 
can find a Lipschitz map Tiq^x : —>■ snch that 


nQ,a;|R3\B(a,^r) — 

Lemma 3.2. Let Q, Li be as in (3.1). If Z' is a cone of type T_|_, then the 
cone Z = LiL) Z' is not minimal. 


Here we do not want to talk abont whether or not a cone of type T+ 
is minimal, it is not so obvions. Recall that a cone of type T has six faces, 
that meet by sets of three and with 120° angles along fonr edges (half lines 
emanating from the center). 
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Proof. We put O = (0,0,0), At = (^,0,0), A 2 = (-^,^,0), A 3 = 

(-f ,-f ,0), Bi = (^,0,1), B 2 = (-f Bs = (-#,-#,1). 

We denote by C the triangular prism u4iu42u43i?ii?2-B3, by F the union of 
eight edges of C. Without loss of generality, we assume that 

z = U*r- 

t >0 


We denote by Fq, Fi, F 2 and F 3 the faces ^ 1 ^ 42 ^ 3 , A^AiBiB^,, A 1 A 2 B 2 B 1 
and A 2 A 3 B 3 B 2 of the prism C respectively. Consider Z = [Z \ C) U Fq U 
FfU F 2 L) F 3 . We will show that Z is a competitor of Z. 

We take xq = (0, 0, |), then xq is in the interior of the triangular prism. 
We take a Lipschitz map Fic,xo in (3.2). Then Z = Fic,xQ{Z) is a com¬ 
petitor of Z. 

Since ZnC consists of faces (triangles) A 1 A 2 A 2 ,, OAiBi^ OA 2 B 2 , OA 3 B 3 , 
OB 1 B 2 , OB 2 B 3 and OB 3 B 1 . By a simple calculation, we can get that 


'^^(znc) 


AV 2 + V^ 

3 


Similarly, Z n C consists of faces Fq, Fi, F 2 and T 3 , thus 


n^{znc) 


2Vq + Vs 

3 


Therefore 

n\z\z) < n\z\z), 

and Z is not minimal. 


□ 


Definition 3.3 ([13, De fini tion 2.1]). Let Bq be a closed subset of M”. Let 
5, c, CK > 0 be given. We say that a nonempty bounded subset S C M” \ Bq 
is d-dimensional (M, cr“, (5)-minimal relative to Bq if 

n'^iS) <00, S = suppin^^S) \ Bo, 


and 

n^^is n TT) < (1 + cr^)n‘^{ip{s n w)) 

whenever (p : M” —)• MA is Lipschitz with diam(TT U (p{W)) = r < 5 and 
dist(VT U p>{W), Bo) > 0, where W = {z e MA \ ip{z) / z}. 

When Bo = Li, h{r) = cr°‘, E G FI is a reduced bounded [U,h)- 
A_|_-sliding-almost-minimal set, then it is very easy to see that E is also 
(M, cr", (5)-minimal relative to Bo- With help of this property, we can use a 
result of Morgan [13, Regularity Theorem 3.8], which is stated as follows. 
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Theorem 3.4. Fix 6,c,a > 0. Let Bq be a closed subset ofMF. Let S be a 
one-dimensional (M, cr“, 5)-minimal set with respect to Bq. Then S consists 
curves that can only meet in three at isolated points of M” \ Bq and 
with 120° angles . 

Let be a sliding minimal cone in LI. Set K = dB{0, l)riE, S = K\Li. 
We want to show that S is (M, cr“, (5)-minimal with respect to Bq = Li for 
some a, c, (5 > 0. 

Proposition 3.5. Let Ll,Li be as in (3.1), Bq = Li. Let E be a reduced 
sliding minimal cone in LI, K = dB{0,1) D E. If K \ Li ^ 0, then K is 
A^-sliding-almost-minimal for some gauge function h such that h{r) = cr 
forr<j^. 

Proof. Let {</?t}o<t<i he a deformation with diam(VL) = r < where W 
as in (1.1). If LL n iL = 0, we have nothing to prove. We now suppose that 
VL n LC / 0; we can hnd a point xq G S, such that W C B{xq, r). 

We consider the Lipschitz function (/> : M —>• [0,1] defined by 


(fit) 


'o, t<\ 

\<t<\ 

< 1, \<t<2 

-4(t - 2) + 1, 2 < t < I 

.0, t>l. 


We consider tt : M"" —>■ M"" dehned by 

7r(x) = (1 - (fi\x\)) X + 

\x\ 


when |x| < ^ or |x| > 7r(x) = x; when ^ < |x| < 2, 7r(x) 

a Lipschitz map with 

Lip {T^\B{xo,r)) < 

We put ip = TT o (pi] then 


R- Also vr is 
(3.4) 


p{dB{0, 1) n 0) C dB{0, 1) n LI. 


For e > 0 small, we consider the Lipschitz map V’e dehned by 

i>e{x) = - ^ei\x\)) X + M\x\) |x| (o ( ) , 


where (fe : M —>■ [0,1] given by 

^eit) = < 


1, t < 1 

— ^(t — 1) + 1, l<t<l + e 
t > 1 + e. 


.0, 
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It is clear that 'ipeix) = x for \x\ 

> 

1 + e, V'e 

(x) = 

= |x| (/? ( 

We consider the map vr : 

m3 

—)■ 

m 3 given 

by 



X, 



0 < 

X < 1 


X 



1 < 

|x| < 2 

7r(x) = < 

hi 


-=*)h. 


(2 

x\ 

2 < 

X < 3 





X > 3, 


it is Lipschitz, thus the map := tt o if;^ is also Lipschitz. It is easy to see 
that E := iPe{E) is a competitor of E, because that {^Pt}o<t<i dehned by 
(/?^ = (1 — t)id + t'ljjs is a deformation. We will compare E with E. Since E 
is a cone, n{x) he in the line through 0 and x, tt is the radial projection into 
the sphere dB{0, 1) on the annulus 1 < |x| < 2, and ijjE is identity out of the 
ball i?(0,1 + e), we can get that E and E coincide out of the ball B{Q, 1). 
Since E is minimal, we have that 

n^{E n 5 ( 0 ,1)) < n^{E n s(o, i)). (3.5) 

Recall that W C B{xq, r); if we put 

R = diaui{{Wir\K)VJ^{Wi^K)), (3.6) 


where Wi = {x \ ^i{x) ^ x}, then R < r, thus on the sphere dB{0, 1), we 
can see that E and E coincide out of B(xo,R), thus we can easily get that 

n^{E n dB{o, 1)) = n‘^{E n dB{o, i) n b{xo, R)) < ^-kR^. (3.7) 


Applying Theorem 3.2.22 in [10], we have 

n^{E n R(o,i)) = n‘^{E n .b(o, i)) + n‘^{En dB{o, i)) 

= [ n\EndB{o,t))dt 

Jo 

tdt] n^{EndB{0,l)) 


(3.8) 


= -n\EndB{o,i)). 


By the construction of E, we know that E coincide with a cone in the ball 
i?(0,1), thus the same reason as above, we have 


n^{E n B{o, 1)) = ^n\^{E n .b(o, i))) + n^{E n dB{o, i)). 


We combine this with (3.5), (3.7) and (3.8), and get that 


n\K) < n\^{K)) + 87rR\ 
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By our construction of (/ 9 , we have that for any x G dB{0, 1), if (pi{x) = x, 
i.e., X 0 Wi, then ip{x) = x, thus K\Wi = (p{K \ Wi). We get that 

n^{K n Wi) = n\K) -n\K\ Wi) 

<n\lp{K))-n\K\Wi) + 87rR^ (3.9) 

< n\^{KnWi)) + 87:R^. 

Since R = diam((Wi n iiT) U i^(Wi n K)), we can show that 

n\KnWi) + 'H\ip{KnWi)) > r, 

combine this with (3.9), and get that 

n\KnWi) < nWi)) < (i + iooR)-H\^iK nWi)), 

1 — ottK 

and by (3.6) and (3.4), 

n\K n Wi) < n Wi)) < (i + 200r)n\ipi{K n Wi)), 

the result immediately follows. □ 

Proposition 3.6. Let Ll, Li be as in (3.1). Let E <Z LI be a minimal eone, 
and set K = ECidB^O, 1). Then K eonsists of arcs Ci of great circles. These 
arcs can only meet at their extremities. For each extremity, if it is not in 
Li, then it is a common extremity of exactly three arcs which meet with 120° 
angles. 

A point in iii \ Li is called to be a P-point if it is a common extremity 
of exactly three curves which meet with 120 ° angles. 

Proof. Applying Theorem 3.4 and Proposition 3.5, we can get K consists of 
( 71 , 1/2 (juj-ves, these curves only meet at their extremities. For each extremity, 
if it is not in Li, then it is a common extremity of exactly three curves which 
meet with 120°. For any point x in the interior of such a curves Cj, by the 
same proof as in [3, Proposition 14.1], we can get that there is a neighborhood 
Ux such that UxFCj is an arc of great circles. From this, we can immediately 
deduce the result. □ 

Lemma 3.7. Let fl, Li,E,K be as in the proposition above. For any x G Li, 
we denote by Llx the half plane through 0 which is perpendicular to Li and 
the straight line joining x and 0. Then, for any point x G K r\Li, any blow¬ 
up limit of K at X is a sliding minimal cone in fla, with sliding boundary 
Lj X — Llx iL\ . 

The proof of this Lemma is almost the same as in the first part of the 
proof of Theorem 8.23 in [3]. 
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Proof. Without loss of generality, we assume that x = (1,0,0). Then = 
{(0,X2,a:3) I X2 G M,X3 > 0} 

Suppose that 

and 

It is quite easy to see that Z <Z Pix and Z C F. Theorem 24.13 in [ 6 ] says 
that T is a sliding minimal cone in with sliding boundary Li. We denote 
by D the line though the points 0 and x. As in [3], page 140, we can get 
that 

F = D X F'^ where F'^ = F n Q.x. 


Lx = {(0, X 2 , 0) I X 2 G M}. Let > 0 , > 0 . 


— {K-x) Z 
Tk 




F. 


Similarly, we can get F^ is a sliding minimal cone in ^}x with sliding boundary 
Lx- Let us check that Z = FK It suffices to show that F'^ C Z, since we 
already know that Z C FK We take any z £ F^, then there exists a sequence 
Zk £ E such that 


Zk-x 

Xk 


z. 


(3.10) 


Since z £ fix, and fix is perpendicular to the line D which pass through the 
points 0 and x, we get that the angles between the line D and the segments 
which join the pints x and Zk tend to i.e. 


Ok = Angle(2;A: 


x,D) 


vr 

2' 


U z = 0, by (3.10), we get that 

'i^O. (3.11) 

Xk 

If z 7 ^ 0, we will show that 

~ ^ ^ 0. (3.12) 

\zk - x| 

We put 7 fc = Angle(zA:, 3^)- Then jk —t 0. Since z 7 ^ 0, we have that 
\zk — x\ 7 ^ 0 and 7 ^ 7 ^ 0 for k large. We consider the triangle formed by the 
vertices 0, x and z^. We get that \zk — x\ > \zk \ siny^. Thus 


Since 

and 


{x,Zk 


{x,Zk 


cos 7A; - 1 ^ 1 - cos 7fc Q 
\zk - x\ ~ \zk\ sinyfc 

x) = \x\\zk — a:| cos 9k = \zk — x\ cos 9k 

- x) = {x,Zk) - Ixp = \zk\ cos 7 fc - 1, 
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we get that 


kfcl cos7fc = 1 + l-Zfc - x| cos Ok- 

Hence 

\zk\ - 1 _ cos 9k ^ 1 - cos7fc ^ ^ 

\zk-x\ COS7A; {zk-xlcos'jk 
In the case z 7^ 0, we get, from (3.10) and (3.12), that 

MjzI ^ 0. (3.13) 

Tk 

Thus, from (3.11) and (3.13), we get that 

^ { Zk \ 1 - \Zk\ Zk Zk-x 

Xk VHfcl / ^A: \Zk\ Xk 

But we know that G K, thus z ^ Z. 

□ 

Lemma 3.8. Let Ll,Li,E be as in the proposition above, S = K \ Li. For 
any x € S D Li, there is a radius r > 0 such that there is no Y-point in 
S n B{x,r). Moreover, if a blow-up limit of K at x is a cone for some 
fd G (0, then K <FiB{x,r) is a union of two arcs of great circles meeting at 
x; in the other cases, SriB(x,r) is an arc of great circle which perpendicular 
to Li. 

Proof. We will prove that there ais only hnite number of Y points in S. We 
denote S"'' = {{xi, X 2 , X 3 ) G | X3 > 0}. Let H be a connected component 
of S"*" \ 5, H be the closure of A 

If H n Li = 0, then H is a convex. Indeed, we get, from Proposition 3.6, 
that each T-point in S must connect three arcs, these three arcs meet with 
120°. Thus at each corner of dA, the interior angle of dA at this point must 
have be 120°, and A must be convex. 

Now, if H n Li 7^ 0, H is also convex. For the same reason, if the vertex 
of a corner of dA is contained in S"*", then the interior angle of dA at this 
point must have be 120°. If the vertex of a corner of dA is contained in Li, 
then the the interior angle of dA at this point is no more than 180°. Thus 
A must be convex. 

The number corners in dA must be hnite. Indeed, there are at most 
four corners which touch the boundary Li, because A is convex. If there 
are inhntely many corners in dA, then we can very easily to hnd 8 corners, 
saying at points Bi, B 2 , ■ ■ ■, Bg, such that these 8 points are contained in S, 
and the geodesic connecting Bi and Hj+i is contained in dA, i = 1, 2,..., 7. 
We now consider the convex spherical polygon B 1 B 2 ■ ■ ■ Bg. By using the 
Gauss-Bonnet theorem, for example see [1, Theorem V.2.7], we get that 

Oil -\- a 2 + — X 6 -t- Area(H) = 27r, (3.14) 

O 
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where ai and 02 are the exterior angle of the corners of dA at point Bi 
and Bg respectivly. But that is impossible, the equation (3.14) gives an 
absurdity. 

If A are contained in S"*", we assume that dA has n comes, then Gauss- 
Bonnet theorem says that 

— -I- Area(A) = 27r, 

O 

thus n < 6, and Area > J. Since the totall area of ilCidB^O, 1) is vr, there are 
at most 6 such connected components. Thus there is only a hnite number of 
T-point in S'; otherwise, it should be inhntely many connected component 
of S"*" \ S such that its corners does not touch Li. 

Since there is only a hnite number of T-point in S, we get that for 
any x G S Ci Li, there is a radius r* > 0 such that there is no T-point in 
S n B{x,rx). 

Since K is sliding almost minimal, any blow-up limit of AT at x is a sliding 
minimal cone, denote by Z, and 

0j^{x) =n\znB{o,i))- 

If Z is a cone like for some /3 G (0, |], then KriB{0, Xx) must be two arcs, 
each of these two arcs is a part of a great cicle, and these two arcs meet at x 
with angle vr — 2(3. If Z is a half line perpendicular to Li, then K riB{0, Xx) 
is an arc which is a part of a great cicle, perpendicular to Li and through 
X. If Z is the union of a line in Li and a half line which is perpendicular to 
Li, then K is the union of B{0,Xx) n {(xi,X2,0) \ xf + X 2 = 1} and an arc 
which is a part of a great cicle, perpendicular to Li and through x. □ 

Lemma 3.9. Let 14, Li be as in (3.1). Let E <zLl be a sliding minimal cone, 
K = E D dB{0,1), S = K \ Li. Suppose that for each x € S D Li, there 
is a radius x > 0 such that B{x,x) H S' is an arc of a great circle which is 
perpendicular to Li. Then there are only there possible kinds of S, that is, 
S = Z D dB{0, 1), where Z is a sliding minimal cone of type of one of P+, 
Y+ and T+. And hence, E = Z or E = Z' 13 Li where Z' is a cone of type 
P+ or Y+. 

Proof We put S"*" = 14 n dB{0, 1) \ Li. Let A be a connected component 
of S"*" \ A', A be the closure of A. By Proposition 3.6 and Lemma 3.8, the 
boundary of A is a spherical polygon whose sides are geodesics of the unit 
sphere. Using the Gauss-Bonnet theorem, see [1, Theorem V.2.7], we get 
that 

ai + a 2 + ■ ■ ■ + an + Area(A) = 27r, (3.15) 

where ai,a2,--- ,an are the exterior angle of the corners of dA. From 
Lemma 3.8 and Proposition 3.6, we can see that, if a corner touch Li, then, 
in the situation of this lemma, the corresponding exterior angle must be 
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if a corner do not tonch Li, the corresponding exterior angle mnst be always 

It is qnite clear that there are at least two corners on dA, and it cannot 
happen that there only one corner tonching Li. 

We now consider the eqnation (3.15). If n = 2, then the two corners 
mnst tonch Li, thns ai = 02 = f; and Aera(^) = tt. A is a quarter of nnity 
sphere. 

Let ns split n = 3 into two cases. If there is no corner tonching Li, then 
«! = 0:2 = as = f, and A is an eqnilateral polar triangle with Area(A) = tt. 
If it has corner on dA, then there are at least two, thns ai = 0:2 = f j <^3 = ^, 
and A is a isosceles polar triangle with Area(A) = More precisely, the 
base of A is an arc contained in Li n 9i?(0,1) with length the vertex 
opposite to the base is the point (0,0,1). 

Similarly, for n = 4, we can get two kinds of spherical qnadrilaterals, one 
is spherical qnadrilaterals with eqnal angles ^ and with area another 
one is spherical qnadrilaterals with one side contained in Li H (9i?(0,1) and 
with area |. 

We can easily see that n can not be larger than 5; otherwise, we can 
dednce from (3.15) that Area(A) < 0, which is impossible. For the same 
reason, when n = 5, there is only one kind of spherical pentagons. That is, 
a spherical with all of corners are contained in S"*" and with area |. 

Since each connected component of S"*" H 9i?(0, 1) \ K has at least area 

and the total area of H dB{0, 1) is 2tt, there are at most six connected 
component. If there is no Y point on S"*", Fi H S"*" mnst be a half circle 
which is contained in Q n dB{0, 1) and perpendicnlar to Li. Thns E = Z 01 
E = LiU Z, where Z is a cone of type P+, hence S = Z (1 dB(0, 1). 

If there is only one V point on S"*", then each connect component of 
§■*“□(95(0,1 )\E mnst be a polar triangle with base contained in LindB(0,1 ). 
By onr discnssion for n = 3, we get that each snch connected component is an 
isosceles polar triangle with area Thns this Y point mnst be (0, 0,1), and 
E = Z or E = LiLlZ, where Z is a cone of type Y+, hence S = ZndB{0, 1). 

If there are two Y points on §“*■, then there are at least two polar triangles 
with base contained in Li n dB{0, 1), and the vertices opposite to the bases 
mnst be the point (0,0,1), that is impossible. 

If there are three Y points on §+, then these three points mnst be the 
vertices of a polar triangle which is contained in S"*", and this triangle is an 
eqnilateral polar triangle with area vr. Each side of this triangle is a side of 
spherical qnadrilateral, and the opposite side ot this spherical qnadrilateral 
is contained in Li n dB{0, 1). In this case E = Z 01 E = LiL)Z, where Z 
is a cone of type T+, thns S = Z n dB{0, 1). 

Since each polar triangle contained in S'*" has area vr, there only one 
snch triangle. If there are fonr Y point in S"*", then these fonr point in 
5 n §■*■ mnst form a spherical qnadrilateral, and S+ \ A consists of hve 
region, that is, hve connect component, each of them is a spherical qnadri¬ 
lateral, one of them is contained in S"*", and each of the rest qnadrilateral 
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must has one side contained in Li. Without loss of generality, we sup¬ 
pose that ( 1 , 0 , 0 ) G S, then those four Y points are (^, 0 , ^), ( 0 , ^), 

( —0, and (0, —^), we denote them by B2, B'^ and B'^ respec¬ 
tively. In this case, we will show that is impossible. We put Bi = (^, 0 , 0 ), 

B2 = ( 0 ,^, 0 ), B3 = (—^, 0 , 0 ) and B^ = ( 0 ,—^, 0 ), and denote by C 
the cube BiB2BsBiB[B2B'^B'^, by F the union of the edges of cube C. We 
denote by Fq the face B[B2B'^B^ of the cube C, denote by Fi and F2 the 
rectangle BiB^B'^B^ and B2B/^B'^B2 respectively. 



We denote by O and O' the points ( 0 , 0 , 0 ) and ( 0 , 0 , respec¬ 

tively, and denote by Qi, Qi, Q3 and <54 the polyhedrons BiB20B'^B'20', 
B2B^0B'2B'^0', BsB^OB'^B'^O' and BiBiOB'^B'^ 0 ' respectively. We now 
take points xi, X2, X3 and X4 in the interior of pyramids OBiB2B'2B'-^, 
0B2B^B'^B'2, OB^B^B'^B'^ and OB/^BiB'^B'^ respectively. 

Let maps and be as in ( 3 . 2 ). We take 

V’ = FI(34^2,4 o o IIq2,x2 ° Then ip is a Lipschitz map. We now 

consider the competitor E = ip{E) of E. 

We denote B5 = Bi. By a simple calculation, we can get that 

n^E \ E) - n\E \E) = Y,\OB',B',^,\ - ( O'S'S'+i + \00'B', 

i=l \i=l i=l 

2V2 + AVS-A ^ 

= -3- 

that is contradict to minimality of E. 


20 












It could not happen that there are at least six Y point in S"*", because 
otherwise, there will be at least six spherical quadrilaterals which touch Li, 
but we know that such a quadrilateral has area and total area of is 
27r, that is impossible. If there are hve V point in S^, similar to above case, 
these hve point form a spherical pentagon. By the same techniques used for 
the above case, we can prove that this is impossible. □ 

Lemma 3.10. Let Q,Li be as in (3.1). Let E <Z LI be a sliding minimal 
cone, K = E r\ dB{Q, 1). If there exists a point xq € K D Li such that a 
blow-up limit of K at xq is a sliding minimal cone Va,o for some a G (0, 
then E is a cone of type V. 

Proof. By Lemma 3.8, there exists a radius r > 0 such that S H B{xo,r) is 
a union of two arcs. That is, E H B(xQ,r) = Z f] B(xo, r) where Z is a cone 
of type V. Without loss of generality, we assume xq = (1,0,0). 

We denote S'*" = H n dB{t), 1) \ Li. Let ^ be a connected component of 
E>~^\K which contains a corner with interior angle a. Using the Gauss-Bonnet 
Theorem, see [1, Theorem V.2.7], we get that 


ai + a 2 + ■ ■ ■ + oin + Area(A) = 27r, 


(3.16) 


where ai,a 2 , - ■ ■ , On are the exterior angle of the corners of dA. We know 
that there are two corners which touch the boundary Li, assume that ai = 
TT — a and a 2 are the corresponding exterior angles. It is quite easy to see 
that A is contained in a spherical lune enclosed by two great circles with 
angle a, thus Area(A) < 2a. 

If 02 = f, then Area(A) < 2 a, 

(tt — a) H-1— X (n — 2) -|- Area(A) = 27r, 

2 3 


thus 


TT n — 2 TT 


Since a G (0, ^], we get that 3 < n < 4, that is impposible. 

If 02 / f) then 02 > ^, thus 

, , in — 2)7r . , , , Svr (n — 2)7r 

27r = (tt - o) -I- 02 + ^-1- Area(A) > [tt - a) + — + -— - . 

3 6 3 

Since o < f, we get that 2 < n < 3, hence n = 2. In this case, A must 
be a spherical lune enclosed by two great circles with angle o, and E = 
R X 14^0- □ 

Theorem 3.11. Let LI, Li be as in (3.1). Let E G LI be a sliding minimal 
cone. If Li C E and E \ Li ^ Then E = Z L) Li, Z is a cone of type 
or Y^. 
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Proof. The result immediately follows from Lemma 3.8, Lemma 3.9 and 
Lemma 3.10. Indeed, by putting K = ED dB{0, 1) and S = K\Li, Lemma 
3.7 says that any blow-up limit of iL at a point x € K Ci Li is a one dimen¬ 
sional sliding minimal cone. By Lemma 2.1, there exist only there possible 
cases for such a minimal cone. That is, a half line Pq perpendicular to Li, 
or Pq union the line which pass though x perpendicular the segment [0, x] 
and is contained in Li, or a cone Vafi- If it is a cone Vafi, then by Lemma 
3.10, i? = M X Va,o, which is impossible. For any x G S'H Li, by Lemma 3.8, 
there exists a radius r > 0 such that S Ci B{x,r) is an arc of a great cicle 
which is perpendicular to Li, and by Lemma 3.9, E = Z L) Li, where Z is a 
cone of type of one of P+, Y+ and T+, but for the last case, it is impossible, 
because we know that Z L) Li is not minimal when Z is of type T+. We get 
that E = Z L) Li, where Z is a cone of type P+ or Y+. □ 

Remark 3.12. We claim that the list of sliding minimal cones is the follow¬ 
ing: cones of type P+, cones of type Y+, the plane Li, cones like x V^,o) 
with 0 < a < |, cones LiL) Z where Z are cones of type P+ or Y+, and 
cones type T+. 

We did not prove that a cone of type T+ is sliding minimal. Indeed it 
can probably be proved by using calibration, but this may take us too much 
time, we do not want to do it here. It is also not too hard to check that 
a cone like M x Vafl is sliding minimal if and only if 0 < a < |. One of 
possible ways to do this is to sue almost the same technique as in Lemma 
3.1, but again we omit it. In fact, we do not need know whether or not a 
cone of type T+ or like M x is minimal in this paper. For the rest in the 
list, we know from Lemma 3.8, Lemma 3.9 and Lemma 3.10 that they are 
sliding minimal. 

4 Reifenberg’s theorem 

We want to use a result. Theorem 2.2 in [7]. But here we are in the half 
space, the theorem can not be used directly, it should be adapted a little bit. 

Let n and d be two integers with 2 < d < n. We take 

tin — { (^ 1 5 ^2) ■ ■ ■ ) ^n) £ 1^ I ®n Y 0}, (A'\\ 

Li = {{xi,X 2 , • • • ,Xn) G M"" I Xn = 0}. 

We let a be the reflection with respect to Li. That is, the function M"' —)• 
defined by 

■ ■ ■ 5 S^n—1) ^n) — (^1) ■ ■ ■ ) Xn—li Xji). 

Let TG be a class of sets defined as in [7, p.6], which consists of 3 kinds 
of cones (centered at any point in of dimension d in M"". In particular, 
if n = 3, d = 2, TG consists of planes, cones which are the union of three 
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half planes bounded by a line while the angle between any two half planes 
is larger than a constant tq > 0 (they look like cones of type Y), and cones 
which are union of several faces that meet only by sets of three and with 
angles between two adjacent faces and angles between the spines larger than 
a constant tq > 0 (cones of type T and cones look like of type T are such 
cones; cone Z U a{Z) is also a such cone, where Z is a cone of type Y+ or 
T_|_. Of course, far more than these cones). 

For any x G M”, r > 0, we will consider dx,r a variant of the Hausdorff 
distance on closed sets, which is dehned by 

dx,r{E, F) = -may.\ sup dist(2:,F), sup dist(2;,F^) 

^ \^z£EnB{x,r) z£FnB{x,r) 

If E and F are two cones centered at x, then dx,r{E, F) = dx,i{E, F) for any 
r > 0. 

Theorem 4.1. Let E C MF be a eompaet set that contains origin with 
cr{E) = E, and suppose that for each x G Er\B{t),2) and each ball B{x,r) C 
i?(0, 2), we can find Z{x,r) G TG that contains x, such that 

dx,riE,Z{x,r)) < £. 

Suppose, additionally, that Z{a{x),r) = a{Z{x,r)). Ife > 0 is small enough, 
depending only on n, d and tq, then there exist a cone Z G TG centered at 
origin and a mapping f : B(0, 3/2) —)> B(0, 2) with the following properties: 

a{Z) = Z, f oa = ao f, \\f - id||oo < a, 

(1 + a)“^ \x - < \f{x) - f{y)\ < {I + a) \x - y\^ , 

B(O,l)c/(s(o,0) CS(0,2), (4-2) 

EnB{0,l)cf(^ZnB(o,^^^ CEnB{0,2), 

where a only depends on only n, d, tq and e, and tq is defined as in [7, (2.7) 
and (2,8)]. 

Proof The proof is essential the same as in [7], we only need do a little 
change. Here we use same notation as in [7]. We firstly remark that cr{Ei) = 
Ei, z = 1, 2 or 3, where Ei are dehned as in [7, p.ll, p.l2]. 

Next, we modify a little the construction of a good covering of E at scale 
2“", that is in Section 5 in [7, Covering and partition of unity]. The hrst 
step is just same the as the original construction; if the condition (4.36) in [7] 
holds, we cover E^ n B{0, 199/100) = {0} with the ball Bi^ = B{0, 
and set = {ioli if the condition (4.35) in [7] holds, we take I 3 = and 
choose no ball. In the second step, for the construction of a covering of 

E '2 = E 2 n H(0,198/100) \ ^Bi^, 
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we modify a little the original construction to adapt to our case. We put 
E 2 = n then E 2 = E 2 n a{E 2 ). Select a maximal subset X 2 of E'^, 
with the property that different points of X2 have distances at least 
We put X 2 = X2 Ucr(W2), and for accounting reasons, we suppose that X 2 = 
-^2 n I3 = 0 , and that X '2 = (j{X'^) = n (I^' U h) = 0 . 

Let /2 = /s U I 2 , ^2 = ^2 U X!{. VW put n = and Bi = B{xi,ri) for 

i € l2- We can see that the balls Bi, i G I2, cover E2. In the third step, we 
put 

y2 = yi?.oU U ^i?*and E'= E, n B (o,^) \V 2 . 

Similarly to the above step, put E'( = E[ri fin; and select a maximal subset 
X” of E”, with the property that different points of X'l have distances at 
least and then suppose that X'l = with Ii n (I2 U I 3 ) = 0, 

and that X[ = a{Xl) = {xjjjg// with I[ n (I('U/2U/3). Set Ii = Ulf, and 
Bi = B{xi, 2“"'“®^) for i G Ii. It is very easy to see that the balls Bi, i G Ii, 
cover E[. For the fourth and last step of the construction of the covering, 
we put 

01 1 cr 'y 

= Y^Bi, u IJ -5* U IJ -Bi and i?' = \ 

ieh i&Ii 

We put Eq = Eq D rin; and pick a maximal subset Xq of Eq, such that 
different points of Xq have distance at least 2“”“®®, and then suppose that 
Xq = {xjjjgj// with Iq n (Ii U /2 U Is) = 0 , and that Xq = {xjjjg// with 
n (/^' U Ii U I2 U I3) = 0 . Set lo = IqU I'^, and Bi = B{xi, 2-’"-80) for 
i € Iq, then the balls Bi, i G Iq, cover Eq. 

For the selection of a partition of unity in equation (5.10) in [7], we choose 
the 6 i as the translation and dilation of a same model 9, where 0 is a smooth 
function such that 9[x) = 1 in B{0, 2), 6 {x) = 0 out of B{0, 3), 0 < 9{x) < 1 
everywhere, and a o 9 = 9 o a. The rest of proof will be the same as in [7]. 

We now verify that a o f* = f* o a. It is clear that cr o /q = f* o a, 
cr o /o = /o o fj, cr o o a, and cr o ipi^ = ^jJi^ o a. By our construction 

of Xq, Xi and X2, we can see that 

aUx) = 

= Kix)ipi^{x) + (aiix)^)*{x) + 6'i(cr(x))V’i (cr(x))). 


thus cr o = gr* o cr. By induction on n, we can get that cr o /*=/* o cr for 
all n > 0. f* is the limit of the sequence /*, thus cr o /* = /* o cr. 

Finally, by the same proof as above, we can prove that a o f = f o a. □ 
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Corollary 4.2. For each small t > 0, we can find e > 0, that depends only 
on n, T and tq such that if E C is a closed set, 0 G -B and r > 0 are such 
that for y € E n B{0,3r) and 0 < t < 3r, we can find Z{y,t), which is a 
minimal cone in when Q <t < dist(7/, Li) and a sliding minimal cone in 
Q with boundary Li when dist{y,Li) <t < 3r, such that 


dy,t{E,Z{y,f)) < e, 

and in addition Z{0, 3r) is sliding minimal cone centered at 0, then there is a 
sliding minimal cone centered at origin and a mapping f : i?(0, 3r/2) H n — )• 
-B(0, 2r) n n with the following properties: 

f{x) G Li for X £ Li and \\f — id||oo < t, and 
(1 + r)“^ |x - < \ f{x) - f{y)\ < (I + t) \x - y\^ , 

B{0, r)nncf(^B (^0, y) n C B{0, 2r) n Q, (4.3) 

EnB{0,r) C / ^0, cEnB{0,2r). 

5 Regularity of sliding almost minimal sets I 

In this section, we restrict ourselves to the half space tl, and prove some 
boundary regularity for sliding almost minimal sets. 

Lemma 5.1. Let Ll and Li be as in (3.1), U an open set. Suppose that E C 
0 is {U,h)-sliding-almost-minimal. For each t > 0, we can find e(r) > 0 
such that if X £ E r\ Li and r > 0 are such that 

B{x, r) C U, h{2r) < e(r), f ^^’^^dt < e(r), 0(x, r) < 9{x) + e(r), (5.1) 

JO t 

then for every p £ (0,9r/10] there is a sliding minimal cone Zx centered at 
X, such that 

dx,p{E, Zf.) < T (5.2) 

and for any ball B{y,t) C B(x,p), 

\n^{EnB{y,t))-n\ZPnB{y,t))\<rp^ (5.3) 

Moreover, if Li C E, then we can suppose that Li <Z Zx- 

This lemma is directly following from Proposition 30.19 in [6]. If Li C E, 
by the original proof in [6, Proposition 30.19], we can go further and assert 
that Li C ZP, the proof will be same, we do not even need to do any extra 
effort. 
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If is a sliding almost minimal set, then for any x G ECiLi, any blow-up 
limit of at X is a sliding minimal cone, see [6, Theorem 24.13]. Moreover, 
the density of any blow-up limit at origin is aways the value 8e{x), see 
Proposition 7.31 [3] and Corollary 29.53 in [6]. By Remark 3.12, 

0Eix) E 1^4’i} ’ 

where we denote by the density of cones of type T+ at origin. In fact, 
dT+ = 3arccos(-l/3)/7r - 3/4 « 1.07452. 

If 9e{x) = then 0^p{x) = thus Zx is a sliding minimal cone of type 
P_l_ in 17 with sliding boundary Li. 

Similarly, if 9e{x) = |, then 0^p{x) = |, thus Zx is a sliding minimal 
cone of type Y+ in 17 with sliding boundary Li. 

If Li C E, then the blow-up limit is sliding minimal cone containing Li. 
We know, by Theorem 3.11, that there are only three kinds of minimal cone 
which contain Li. That is, Li or ZULi, here Z is a minimal cone of type 
or Y+. Thus, in the case Li C E, there are three possible values for 9e{x), 
that is 1, I and |. In particular, if Li C and 9e{x) = 1, then Zx = Ti. 

Lemma 5.2. Let E <Z Vt be a sliding almost minimal set, Li <Z E. If a 
blow-up limit of E at x £ Li is the plane Li, then there exists r > 0 such 
that E n B{x, r) = Li n B{x, r). 

Proof. Without loss of generality, we assume x = 0. Li is a blow-up limit 
of E at 0. By corollary 29.53 in [6], we get that 0£;(O) = 1. Let r > 0 be a 
small enough number, let e(r) be as in Lemma 5.1. We take 0 < r 2 < 
and let e(r 2 ) be as in Lemma 5.1. We take r > 0 such that 

and 

9E{0,r) < 1 e(r2), 

where A is taken as in Proposition 5.24 in [3]. 

By lemma 5.1, for any 0 < p < 

do,p{E,Li) < T2, (5.4) 

and for all ball B{y,t) C B{0,p), 

\nHEnB{y,t))-n\L,nB{y,t))\<T 2 P^. (5.5) 

Thus, in particular, for any y E B{0, |) C E, 
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For any y G -B(0, |) H Li, by Theorem 28.7 in [ 6 ], we get that 
1 < 6 '£( 2 /) < ( 2 /, 0 exp 

thus 

0E{y) = 1 - 

Therefore, for y G B (O, 0 n Li, 

0E{yJ^ < 1 + ^ < 0E{y) + e(r). 

By lemma 5.1, for any 0 < p < |g, 

dy^p{E,Li) < T. (5.6) 

We shall deduce, from equation (5.6), that for any 0 < p < |, 

EnB{0,p) = LinB{0,p). 

Once we have proved this, the desire result follows. We assume, for the sake 
of a contradiction, that 


EnB{0,p)\Li^^. 

Let z € E D B{0,p) \ Li, and let y be the projection of 2 ; on Li, then 
0 < \z — y\ < p. We choose p' such that 


From equation (5.6), we can get that 

1^; - y| < p'dy^p>{E,Li) < rp' <\z-y\, 



— y\ < p < min < p 


1 ^ - y\ 


absurd. □ 

Lemma 5.3. Let LI, Li and U he as in Lemma 5.1, let E G Ll be a (U, h)- 
sliding-almost-minimal set with Li C E. Let F = E\Li. Then G 

Li) = 0, and F is also [U, h)-sliding-almost-minimal. 

Proof. We put G = F Ci Li. Let 0 < e < 1/100. We assume, for the sake 
of contradiction, that > 0. Since G is a subset of Li, it is rectifiable, 

thus for TL^-a.e. x G G, 9g{x) = 1. Without loss of generality, we suppose 
that 9g{0) = 1, then there exists a radius ri > 0 such that for all 0 < r < ri, 

0G(O,r)>l-e. (5.7) 
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Since E is sliding almost minimal, by Theorem 28.7 (almost monotonicity 
of density property) in [6], we can find a radins r 2 > 0 snch that for all 
0 < r < r 2 , 


1 -e < 


0e{0) 


< 1 + e. 


(5.8) 


Since E is sliding almost minimal and Li C E, by Lemma 5.1, there exists 
r > 0 snch that for any 0 < p < r, there exists a sliding minimal cone 
Zq D Li snch that 

do,p{E,Z(^) < e (5.9) 


and for any ball B{y,t) C B{0,p), 


n^{EnB{y,t))-n\Z(;nB{y,t))\<ep^ (5.10) 


We take 0 < p < min{r, ri, r 2 }, and consider a collection of balls 

X ^ G n B{0, p), s < ep, B{x, s) C B{0, p) 1 

9g{x, s) > 1 - e, 9e{x, s) > (1 - e)9E{x) ] ’ 

it is a Vitali covering for G n i?(0, p). By a Vitali’s covering theorem for the 
Hansdorff measnre, see for example, there exists a finite or conntably inhnite 
disjoint snbcollection C V snch that 


V = \B{x,s) 


|^Gn.B(0,p)\y5,j =0. (5.11) 


We now consider two balls B'^ = B{yi,ti) and B'^ = B{y 2 ,t 2 ), where yi = 
(0,0, ^^p), 2/2 = (0,0, — ^^p) and ti = t 2 = ^^P- We can see that B[ C 
B(0,p) and i ?2 C B{0,p), thns by eqnation (5.10), we can get that 


n‘^{E n B[) > n^{z^ n b[) - ep^ 

(5.12) 

and 


n^{E n B' 2 ) > n\z(; n b'^) - ep^. 

(5.13) 

It is very easy to see that {B'^, U {Bi}i^i is a family of disjoint balls and 

C5(0,p). 

(5.14) 


iei 


For i ^ I, we denote Bi = B{xi, Si), then Xi ^ G and 9E{xi) > otherwise, 
9E{xi) = 1, any blow-np limit of E at Xi mnst be Li, and by Lemma 5.2, 
there is a small ball B{xi,r') snch that E H B(xi,r') = Li D B{xi,r'), that 
is impossible. 

By onr choice of V, we have that 

9E{xi, Si) > (1 - e)9E{xi) > ^(1 - e); 
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thus 


(5.15) 


n fi*) > ^(1 - e)7rs2 > ^(1 - e)n^{G n Bi), 

and combine with equations (5.11) and (5.7), to obtain 

^ 7e{E n 5,) > 2 (1 - e) E ^ 

i&I iei 

> l(l-e)W^(GnB( 0 ,rt) 

Since 0 G G, we have that 0^(0) > thus 9e{0) = § or 0 e(O) = |. 

If 9e{0) = the sliding minimal Zq which we chose in (5.9) can be 
written Zq = Li H Zf’, where is a sliding minimal cone of type P+. In 
this case, Zq n B'-, i = 1,2, are two disks with radius thus 


B\zPf^B[) = n 



combine this equation with equations (5.12), (5.13), (5.14) and (5.16), we 
can get that 


2 

rL^{E^B{Q,p)) > '^B^{Er\B[) + ^B^{Er\Bi) 

i=l iel 

> 2tt 

> (2 — 5e)7rp‘^, 


(5.17) 


but from equation (5.8), we can get that 

n\EnB{0,p))<^{l + e)7rp^ (5.18) 

which contradict with equation (5.17), because 0 < e < 

If 9e{0) = 1)3- very similar calculation as above case, we can get that 


n\z(;) = 3 




n‘^{EnB{0,p)) > ^(1 -e)Vp2 + ^{l-ef-Kp^ - 2ep^ > “ y^) 


but from equation (5.8), we obtain that 

B\Ef^B{D,p))<^-{l + e)T:p\ 
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we also get a contradiction. We proved that n Li) = 0. We will go to 

prove that F is also sliding almost minimal. 

Let be any J-sliding-deformation. Since E is (U, /i)-sliding- 

almost-minimal, applying Proposition 20.9 in [6], we get that 

n^{E \ ipi{E)) < n^iME) \ E) + h{5)5‘^. (5.19) 

Since ^i{E) D Li, we can get that 

n‘^{E\ipi{E))=n‘^{{E\Li)\ipi{E))=n‘^{{E\Li)\^{E\Li)). (5.20) 
We know that F = E \ Li and ^^{F H Li) =0, thus 

n\F \ <^i(F)) = n\E \ ^^{E)). (5.21) 

Similarly, we can get that 

n\ipi{E) \ E) = n\ipiE \ Li) \ E) < n\^{E \ Li) \ {E \ L,)), (5.22) 
thus 

n\ME) \ E) < n\ME) \ E). (5.23) 

From inequalities (5.19), (5.21) and (5.23), we obtain that 

n\F \ (^i(F)) < -H^^iiE) \ F) + h{5)5\ 

Applying Proposition 20.9 in [6], we get that F is (17,/l)-sliding-almost- 

minimal. □ 

If n, Li, 17, E and F are as in lemma 5.3, and we suppose that 0 € F, 
then 9f{0) can only take two values ^ and |. Indeed, since Li C E, any 
blow-up limit Z of at 0 is a sliding minimal cone which contains the 
boundary Li, thus Z = Li or Z = Li U Z', Z' is a sliding minimal cone of 
type or ¥+, hence the density 9e{0) can only take three values, 1, | and 
But if 0£;(O) = 1, then by Lemma 5.2, we can see that 0 ^ F. Therefore, 
9 e { 0 ) = i oi' i' We see that 

9E{0,r) = 9Fi0,r) + l, (5.24) 


thus 

9Eix) = 9 f{x) + 1, 

and 0^(0) = ^ or |. 

Lemma 5.4. Let Q and Li be as in (3.1), — )• Li be the orthogonal 

projection onto Li. Suppose that U is an open set, E G Ll is (U,h)-sliding- 
almost-minimal, 0 G EnLinU and 9e{0) = 5 or |. Ife > 0 is small enough. 
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B{0, 2r) C U, and for any x G FCiLi n5(0, r), and any 0 < p < 3r/5, there 
exists a sliding minimal eone Zx of type P_|_ or Y_|_ eentered at x, sueh that 

dx,p{E, Zff) < £, 

then for any z G E D B{0, r/5), we ean find a point a G E Llf^ B(0, 3r/5) 
sueh that 

\B-Li{z) — a| < 8e jz — a| . (5.25) 

Proof. For any z G E D B(0,r/5), we put z' = IiL.^{z). We take a point 
a G E <Pi Li such that 


— a| < (1 + e)dist(2;', E n Li). 


z' G E <Gi Li, a = z' G i?(0,r/5), then nothing needs to be done. If 
z' ^ E D Li, we claim that a is a point which we desire. 

It is quite easy to see that a G 5(0, 3r/5); otherwise 

2 t * V 

— <\z' — a\ < (1 + e)dist( 2 :', E n LP < (1 + £)\z' — 0| < (1 + e)-; 

5 5 

this gives a contradiction. 

We put p = 2|a — z\. Since da,p{E, Za) < e, and Za is perpendicular to 
Li, we can find z!' G Za D Li such that \z' — z"\ < ep. 

We claim that \z" — a| < 3ep; once we have proved our claim, we can get 
that 

— a| < \z' — z''\ + \z" — a| < Aep = 8e|x — z\ 

We assume, for the sake of a contradiction, that \z" — a| > 3 e/ 3 , then 

|a — z'\ > |a — z"\ — \z' — z"\ > 2£p. 


If B{z", 3e/j/2) n 5 n Li / 0, we take x G B{z'', 3epj2) D E D Li, then 
\z' — x| < \z' — z"\ + \z' — x\< 


and 


thus 


\z — x'\ > dist(2:^, E n Li) > ^ ^ \z' — a| > 


2£p 5 

< 0 ^/^; 


l+£ - 2 


2ep 


this is a contradiction. 

If B{z”, 3ep/2) n 5 n Li = 0, we can construct a projection to show that 
E is not almost minimal. 

□ 
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Lemma 5.5. Let Q, Li be as in (3.1), U an open set with 0 € U. Suppose 
that E <Z LI is [U,h)-sliding-almost-minimal. If 9e{0) = 5 , then for each 
small T > 0, we can find a radius r > 0, a sliding minimal cone Z of type 
and a biHolder map cj) : i?(0, 3r/2) H H —)• B{0, 2r) H LI such that 


(5.26) 


(f){x) G Li for X G Li, ||/ - id||oo < r, 

(1 + t)“^ \z - < \(l){z) - (^(y)| < (1 + r) |z - y|T+^ , 

B{0, r)nLlC (j)(^B ^0, y ^ DLl^ C B{0, 2r) n n, 

EnB{0,r) C (f) (^Z n B C EnB{0,2r). 

Proof. We can assume that U is an open ball B{0,R) for some R > 0. For 
any r G (0,1], we let e(r) be as in Lemma 5.1, we suppose that r is so small, 
that 

(l + e(r))e(^+“)^M < y 

where A is taken as in Proposition 5.24 in [3], and a is taken as in Theorem 
28.7 in [ 6 ]. Let T 2 > 0 and e(T 2 ) be as in Lemma 5.1 and such that IOOT 2 < r 
and 


(l+eC2))e“M<l 


We take 0 < ti < min{T 2 , e(T 2 )}/ 100 , and let n, e(Ti) be also as in Lemma 
5.1. We always suppose that e(ri) < e(T 2 ) < £{t). 

By Theorem 28.7 in [ 6 ], we can find rg G (0, R) such that 


H2ro) < e(ri), A{ro) < e(ri), 6 '£( 0 ,ro) < ^ + e(ri). 


where 


^ Ht) , 

A{r) = / — —dt. 

Jo 


t 


By using Lemma 5.1, for any r G (0,9ro/10], there exists a minimal cone Z'^ 
of type center at 0 such that 


do^riE,Z^) <Ti (5.27) 

and for any ball B{y,t) C B(0,r), 

\nHZ^nB{y,t))-n^{EnB{y,t))\ <nr^. (5.28) 

First, we consider any point x € E Ci Li D i?(0, ro/2). By (5.28), if we 
take r = 9ro/10, we will get that 

'9ro" " 


n^iE n B{x, t)) < (^Z^^o/w p ^ 


10 
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from this inequality, by taking t = ro/3, we can get that 

(*’y) ^ ^ ^ ^ 

By using Theorem 28.7 in [6], we get that 

eE{x)<eE 

thus 

Ge{x) = (5.30) 

By Lemma 5.1, we can find minimal sliding cone Zx for any 0 < p < 
3ro/10 such that 

dx,p{E,ZP) <T2 (5.31) 

and for any ball B{y,t) C B{x,p), 

\nHEnB{y,t))-n\zPnB{y,t))\<T2p^ (5.32) 

We now consider any point z € E Ci i?(0,ro/10) \ Li. From Lemma 5.4, 
we get that 

IB-Liiz) - x\ < 8T2 \z - x\, 

thus 

dist(2;, Li) = \z — IiL^{z)\ > \z — x\ — \IIl^{z) — x| > (1 — 8x2) \z — x\ . 

(5.33) 

We take ri = |dist(2;, Li), and p = \z — x\ + ri, then p < We take 
Zx as in (5.31), then B{z,ri) C B{x,p), thus 

'H^{E n B{z, n)) < B^iZ^ n B{z, r)) + T2p‘^ < Erl + X2p‘^, 


hence 


0E{z,ri) 


n^{EnB{z,ri)) 


vrr 


2 

1 


< 1 + 


T2P^ 

2 

7rr| 


< 1 + 10t 2 < 1 + e(r), 


(5.34) 


but we know that 

0e{z) > 1 , 


hence by using a monotonicity property. Proposition 5.24 in [3], we have that 


Oe{z) < ^^(z,^) exp(AA(ri)) < 


thus 


9e{z) = 1 . 


(5.35) 
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For any r G (0; ^^i]) we can apply Lemma 16.11 in [3], there exists a 
plane Z(z,r) through z such that 

d;,^r{E,Z{z,r)) <T. (5.36) 

For any r G ^^o]) we put pr = \z — x\ + r, then pr < and 

B{z,r) C B{x,pr). We take as in (5.31), then 

d,,r{E,ZP/) < ^d,^p^{E,Z{x,Pr)) < ^T2 < 5X2- (5.37) 

We do not know whether or not the sliding minimal cone Zx"" passes through 
the point z, but we can do a translation of such that it is centered at 
nL^(z), we denote it by Z{z,r), i.e. Z{z,r) = — (x — n2,j(2:)). Then 

Z(z,r) is a sliding minimal cone contains 2, and 

d^r{E, Z{z, r)) < + d, r{E, ZPj) < 20r2 < r. (5.38) 

’ r 

It follows from (5.36) and (5.38) that, for any z ^ E i?(0,ro/10) \ Li, for 
any r G (0,ro/5], there exist a cone Z[z,r) such that 

dz^r{E,Z{z,r)) <T, (5.39) 

where Z{z,r) is a plane when r is small, Z{x,r) is a half plane when r is 
large. 

From the inequalities (5.32) and (5.39), we get that, for any x G i? H 
i?(0,ro/10) and any r G (0,ro/5], we can find a cone Z{x,r) though x such 
that 

dx,riE,Z{x,r)) < T. 

where Z(x,r) is a minimal cone when 0 < r < dist(x,Li), and Z{x,r) is a 
sliding minimal cone of type P-|- when dist(x, Li) < r < ro/5. 

By Corollary 4.2, we can find a biHolder map cj) : 5(0, 3ro/20) n 12 —)• 
5(0, ro/5) n n and a sliding minimal cone Zq of type such that (5.26) 
holds with r = rg/lO. □ 


Lemma 5.6. Let Ll, Li be as in (3.1), U an open set with 0 G 5. Suppose 
that E <Z LI is {U,h)-sliding-almost-minimal. If 6 e{ 0) = then for eaeh 
small T > 0, we eanfind a radius r > 0, a biHolder map (f : 5(0, 3r/2)nn —>■ 
5(0, 2r) n LI and a sliding minimal cone Z of type such that 


(j){x) G Li for X G Li, ||/ - id||oo < r, 

(1 + t)“^ \z - < |(/(z) - (/(y)| < {1 + t)\z -y\^ , 

5(0, r)nLlC(j)(^B (^0, y) ^ 12^ C 5(0, 2r) n 12, (5-40) 

5n 5(0,r) C nzu Li) n 5 fo, y j j C 5n5(0,2r). 
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Proof. We put F = E\Li, then F is also ([/, h,/i)-sliding-almost-minimal. 
By lemma 5.5, for each small r > 0, we can hnd r > 0, a biHolder map 
(f) : B{0, 3r/2) n —)■ B{0, 2r) n and a sliding minimal cone Z of type 
such that 


4>{x) G Li for X G Li and ||/ — id||oo < t, and 
(1 + r)“^ \x - 7/1^+^ < |(/)(x) - (/)(?/)| < (1 + t) |x - y|T+^ , 

C .6(0, 2r) n (5-41) 

C FnB(0,2r). 


Er\B{Q,r) C (j) ^(ZULi) n B ^0, C EnB{0,2r). 

□ 

Remark 5.7. Suppose that 12, Li and U are as in Lemma 5.5, and that E C 
Ll is a {U,h)-sliding-almost-minimal set with 0_b(O) = 2 or |. If t G (0,1) is 
small enough, we can find £'{t) > 0 such that when the radius r > 0 is such 
that 

h(t') 

B{0, lOr) C U, h{20r) < £'{t), / - -dt < e'{T), 9e{0, lOr) < 6E{0)+e'{T) 

Jo ^ 

then for any x G E Ci B{0,r) and any 0 < t < 2r, we can find a cone or 
sliding minimal cone Z{x,t) that depends on t such that 

dx,t{E, Z{x,t)) < T, 

where Z{x,t) is a minimal cone when 0 < t < dist(x,Li), and Z{x,t) is a 
sliding minimal cone when dist(x,Li) <t< 2r. 

Indeed, when we look at the proof of Lemma 5.5, we let r G (0,1) be 
such that 

Q + e(r)() 

Then we take 

= 'll. 

110“ 100 Vioo/J 

and let e(ri) be as in Lemma 5.1. Finally, £'{t) = e(ri) will be what we 
desire. 


R(o,r)nf2c(/>(R(o,y ) nn 


F n B{0, r) C (/> ( Z n R ( 0, y 


Thus 
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Lemma 5.8. Let Ll, Li be as in (3.1), U an open set with 0 € U. Suppose 


that F C Ll is an {U,h)-sliding-almost-minimal set. If 0 f{0) = then 


for each small t > 0, we can find a radius r > 0, a biHolder map (p : 
B{0, 3r/2) n 0 —)• B{0, 2r) n Ll and a sliding minimal cone of type ¥+ such 
that 


(j){x) £ Li for X £ Li, \\(j) - id||oo < r, 


(1 + r) ^ |z - < \4>{z) - (j){y)\ < (1 + r) |z - y\ i+- , 



(5.42) 


Proof. As in Lemma 5.5, we can assume U is an open ball B{0, R) for some 
R > 0. Let r > 0 be a positive number, and let e(r) be as in Lemma 5.1; 
we suppose r small enough so that 



where A is taken as in Proposition 5.24 in [3], and a is taken as in Theorem 


28.7 in [6]. Let T2 > 0 and s(t 2 ) be as in Lemma 5.1 so that 100r2 < r and 



where dx is the constant which is considered in Lemma 14.12 in [3]. We 
take 0 < Ti < min{T2, e(r2)}/100. Let ti and e(Ti) be as in Lemma 5.1. We 
suppose that e(ri) < e(r2) < s{t). 

As in the proof of Lemma 5.1, we put F = E\Li, then F is also {U, S, h)- 
sliding-almost-minimal. 

By Theorem 28.7 in [6], there exist 0 < rg < i? such that 


h(2ro) < e(ri), A(ro) < e(Ti) 


and 


0 ^(0, ro) < ^ +e(ri) 


where 



By using Lemma 5.1, for any p £ (0, 9ro/10] there exists a minimal cone 
of type Y+ center at 0 such that 


n^{ZPr^B{y,t))-n\Ef^B{y,t))\<Tlp\ (5.43) 


for any ball B{y,t) C B{0,p). 
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First, for any x G Fn Li n F(0, ro/2) \ {0}, we take p = 2\x\ and t =\x 
then by (5.43), we have 


'}i\Fr\B{x,t)) < {zp r\ B{x,t)) + Tip 


TT 


< 2^ 

from this inequality, we can get that 

n^{EnB{x,\x\)) ^ 1 


9f (x, |x|) = 


TT \X\ 


< - + 4ri < - + e{T2) 


Applying Theorem 28.7 in [6], we get that 


thus 


0f{x) < 0f{x, < -, 


9f{x) = 


(5.44) 


Taking ri = |x|, we get from (5.44) that 


9f{x, n) < 9f{x) + e(r2). 

By Lemma 5.1, for any 0 < p < 9ri/10, there exists a sliding minimal cone 
Zx centered at x of type P+ such that 

dx,r{F, ZP) < T2, (5.45) 

and for any ball B{y,t) C B{x,r), 

\n\F n B{y,t)) -n^iZPn B{y,t))\ < T 2 P^. (5.46) 

For 9ri/10 < p < 3ro/10, we have that 

dx,p{F,Z^^+P) < '^do,n+p(F,Z''i+0 < ^Ti. 

p y 

Since do,ri+p{F, Z^i+^) < n, there exists a point x' G n Li such that 

|x — x'l < (ri + p)ri. We take Z(x, p) = Z'^^'^p + x — x' , that is a translation 

of it is a siliding minimal through the point x, and 

dx,p{F, Zix, p)) < + dxAF, Z^^+P) < 5ri < T2. (5.47) 

It follows from (5.45) and (5.47) that, for any x £ F (1 Li (1 B{0, ro/2), 

and any 0 < p < 3ro/10, there exists a sliding minimal cone Z(x, p) centered 
at x, either of type P+ or of type ¥+, such that 


dx,p{F,Z{x,p)) < T2. 


(5.48) 
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Next, We consider z G {F \ Li) n 5(0,ro/10). If dist(z,Li) < f \z\, we 
take a point a G F H Li n 5(0, y) such that 

l^Liiz) - a| < 8t2 \z - a\ . 

We take r 2 = |dist(x, Li) and p = \z — a\ + r 2 , then 

\z - a\ < \z - Ul-i^{z)\ + |nij(^) - a| < 2 r 2 + 8t2 \z - a\ , 

thus 


\z — a\ < 


1-8t2 


r2, 


and 


P< 1 + 


75 

. 1^2 < — r2. 
I-8T2J 23 


Since 2 r 2 = dist(z, Li) < 5 |-z|, we have that 

|nLi(z)| > 2 V 2 \z - TiLr{z)\ > 4 \/ 2 r 2 , 

thus 


> |nLj(z)| - \liLA^) - a| > 4V2r2 - r2 > 4r2. 


1 -8 t2 


Hence 


9 , , 

p < — a . 
F - 10 I I 


Consider the sliding minimal cone Za as in (5.45); it is a minimal cone 
centered at point a of type P+. Since B(z,r 2 ) C B(a,p), we deduce from 
(5.46) that 

{F n B{z, r 2 )) < 52 {ZP n 5(z, r 2 )) + T 2 p‘^ 

< -Kvl + T2P^, 


thus 


Of {z, r 2 ) < 1 + ( ^ < 1 + 4 r 2 < 1 + e(r). 


(5.49) 


Applying Proposition 5.24 in [3], we can get that 


thus 


Opiz) < 0Fiz,r2)e 


9f{z) = 1 . 


^A{r2) ^ _ 


2 ’ 


By Lemma 16.11 in [3], for any p G (0, 9 r 2 / 10 ], there exist a plane Z(z,p) 
through z such that 

dz,p{F,Z{z,p)) <T. (5.50) 
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For p G (9r2/10, ro/10], we put rp = \z — a\+p, then 


^ , T'o ^ 3ro 

T f) \ ^ -. 

“ 5 10 “ 10 

Consider the sliding minimal cone Z{a,rp) as in (5.48), we can get that 


dz^p{F,Z{a,rp) < ^da,riF, Z{a,rp)) ^ + 


^ “ “I 1 / 


We now take 

Z{z, p) = Z{a, Tp) + (z) - a. 

It is a sliding minimal cone centered at 11^^ (2), thus through the point z, 
which satisfy that 


4,p(F, Z{z, p)) < ^ + dz,piF, Z{a, Vp)) < 4t2. (5.51) 

It follows from (5.50) and (5.51) that, in the case z G 5(0, ro/10) n F \ Li 
and dist(2;) < \z\ /3, for 0 < p < ^, we can find a cone Z{z,p) such that 


dz,p{F,Z{z,p)) < T, 


(5.52) 


where Z(z,p) is a minimal cone when p is small, and Z{z,p) is a sliding 
minimal cone when p is large. 

We now consider the case when z G (F\Li)n5(0, ro/10) with dist(z, Li) > 
I \z\. We take rs = dist(2;,Li), and put pa = \z\ + rs, then pa < 4ra < 

We take Z^^ a minimal cone as in (5.43), then we can get that 

n^{F n B{z, ra)) < n‘^{ZP^ n B{z, ra)) + npj < ^7rr| + rip|, 

thus 

0F{z,r3) + —Ti <^ + e{T2). (5.53) 

2i TT 2i 

Applying Proposition 5.24 in [3], we get that 

Of{z) < 6'ir(z,ra)e'^^(^3) < dr, 
thus 9p{z) = 1 or 6f{z) = |. 

Case 1. If 9{z) = |, then for any 0 < p < by using Lemma 16.11 
in [3], there exists a minimal cone Z(z,p) centered at z of type Y such that 


dxp{E,Z{x,p)) < T 2 


(5.54) 


and for any ball B{y,t) C B{x,p) 

\n^{E n B{y,t)) -n\Z{x, p) n B{y,t))\ < T 2 rl (5.55) 
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For any p G (^^3, ^]) we put Vp = \z\ + p, then and \z\ < 

3dist(^, Li) = 6r3, thus < 8rp. Let be the sliding minimal cone which 
is considered in (5.43), then we can get that 

dzAF^Z^^) < -dQ,r,{F,Z"'’) < -n. 

p p 

We take a point z' G such that \z — z'\ < rpTi, and take Z{z,p) = 
Z^p + IIl^{z) — YiL^{z')^ which through point z, we obtain that 

d,AFA{z,p)) < < yTi < 16ri. (5.56) 

It follows from (5.54) and (5.56) that, when z G S(0,ro/10) Cl F \ Li and 
dist(z, Li) > \z\ /3 with Opiz) = |, for any p G (0,4ro/5], we can hnd a cone 
Z(^, p) such that 

dzAF-, Z{z, p)) < T2, (5.57) 

where Z(z, p) is a minimal cone when p small, and Z{z, p) is a sliding minimal 
cone with boundary Li when p large. 

Case 2. If 6f{z) = 1. We set 


Ey = {0} U < X G F 


e(x) = 2 


and denote iY{z) = dist(z,Fy). Using the same argument as in Lemma 
16.25 in [3, in page 205], we get that for p G (0,.^y(z)/3], there is a plane 
Z(z, p) through x such that 


dz,p{F,Z{z,p)) <T. (5.58) 

For p G (£y(z)/3, ro/10], we take a point x G Ey such that 

\z — x\ < — ty{z]^ 

I I _ r V 

and consider the cone Z{x,rp) as in (5.57), where r p = \z — x\ + p. We can 
get that 

d;, p{F,Z{x,rp)) < ^dx^rp{F,Z{x,rp)) < ^T 2 . 

p p 

By a similar argument as before, we can hnd a cone Z{z,p) which is a 
translation of Z{x,rp) such that 

‘2iV 

dz^p{F,Z{z,p)) < —T 2 < 10X2. (5.59) 

P 

It follows that, when z G i?(0,ro/10) C F \ Li and dist(2:, Li) > \z\ /3 with 
9f{z) = 1, for any p G (0,ro/10], we can hnd a cone Z{z,p) such that 


dzAF,Z{z,p)) < T, 


(5.60) 
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where Z(z,p) is a minimal cone when p is small, and Z{z,p) is a sliding 
minimal cone when p is large. 

From inequalyties (5.48), (5.52), (5.57) and (5.60), we can say that for 
any z G i?(0,ro/10), and for any p G (0,ro/10], there is a cone Z{z,p) such 
that 

dz,p{F,Z{z,p)) < r, 

where Z{z, p) is a minimal cone when p < dist(2:, Li), and Z{z, p) is a sliding 
minimal cone when p > dist(z, Li). 

By Corollary 4.2, we can get our desired result. □ 

Lemma 5.9. Let LI, Li he as in (3.1), U an open set with 0 € U. Suppose 
that E C Ll is an {U,h)-sliding-almost-minimal set. If 9e{0) = then 
for each small t > 0, we can find a radius r > 0, a biHolder map (f : 
B{0, 3r/2) n n —7- B{0, 2r) n LI and a sliding minimal cone Z of type Y_|_ such 
that 


(j){x) G Li for X G Li, ||/ - id||oo < r, 

(1 + r)“^ \z - < \(l){z) - (/>(y)| < (1 + r) |^ - y| t+^ , 

B{0, r)nLlcf)(^B (^0, y) ^ C B{0, 2r) n Ll, (5-61) 

EnB{0,r) C (j) ({Z U Ll) n B fo, y j j C EnB{0,2r). 


Proof. We put F = E\Li, then E is also (t/, h,/i)-sliding-almost-minimal. 
By lemma 5.8, for each small r > 0, we can hnd r > 0, a biHolder map 
(j) : B{Q, 3r/2) n H —?■ B{0, 2r) n Ll and a sliding minimal cone Z of type Y+ 
such that 


(f){x) G Ll for X G Li, \\f - id||oo < r, 


(1 + r) \x- y\ < \(f{x) - (f{y)\ < (1 + r) |x - y\ i+- , 
B{0, r)nHC(/)fHfo, yjnHj C B{0, 2r) n Ll, 


FnB{0,r) (Z (f\ Z L^B [D, 


3r 


C FnH(0,2r). 


(5.62) 


Thus 


E n B{0, r) C { {Z \J Ll) n B { 0, 


3r 


C EriB{0,2r). 


□ 

Remark 5.10. Suppose that Li and U are as in Lemma 5.8, and that 
E C Ll is a {U,h)-sliding-almost-minimal set with 6e{0) = | or |. If t ^ 
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(0,1) is small enough, we can find e^(r) > 0 such that when r > 0 is such 
that 

h(t\ 

-6(0, lOr) C U, h{20r) < s'{t), / - -dt < e^(r), 9e{0, lOr) < 6E{0)+e'{T), 

Jo t 

then for any x G E Ci B{0,r) and any 0 < t < 2r, we can find a minimal 
cone or sliding minimal cone Z{x,t) such that 

dx,t{E, Z{x,t)) < T, 

where Z{x,t) is a minimal cone when 0 < t < dist(x,Li); and Z{x,t) is a 
sliding minimal cone when dist(x,-Li) <t< 2r. 

Indeed, we can take r G (0,1) be such that 

(I + J(t)) < J and (5 + E(T)e^l->) < dr, 

then we take 

n = 'll, 

110“ 100 VlOO/J 

and let e(ri) be as in Lemma 5.1. We can check from the proof of Lemma 
5.8 that e^(r) = e(ri) is the number what we desire. 

Proposition 5.11. Let 11, Li he as in (3.1), U an open set. Let E C 
LI he an {U,h)-sliding-almost-minimal set, and x G Li H Z7 he a point. If 
Oe{x) G {1/2, 3/4,3/2, 7/4}, then for each small t > 0, we can find a radius 
r > 0, a sliding minimal cone Z centered at x and a hiHolder map : 
B{x, 3r/2) n n —>• B{x, 2r) n LI such that 

4>{z) G Li for z G Li, \\f - id||oo < r, 

(1 + t)“^ \z - < \(l){z) - (/>(y)| < (1 + r) |z - y|i+^ , 

S(0, r)f^Ll(l(^){B (^0, y) n C B(0, 2r) n LI, (5-63) 

L;nB(0,r) C (f) (^Z n B cEnB{0,2r). 

In addition, if 9e{x) = ^, Z is a cone of type if 9e{x) = \, Z is a cone 
of type Y+; if 9e{x) = ^, Z = Z' U Li where Z' is a cone of type P+; if 
9e{x) = \, Z = Z' yj Li where Z' is a cone of type Y +. 

The proof immediately follows from Lemma 5.5, Lemma 5.6, Lemma 5.8 
and Lemma 5.9. 
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Corollary 5.12. Let Ll, Li be as in (3.1), U an open set. Let E C Ll be an 
[U,h)-sliding-almost-minimal set with E D Li. Then for each small r > 0 
and each x € Li CiU, we can find a radius r > 0, a sliding minimal cone Z 
and a biHolder map (j) : B{x, 3r/2) —)> B(x, 2r) such that 


(j){x) £ Li for X £ Li, ||/ - id||oo < r, 

(1 + r)“^ \x - 7/1^+^ < \(p{x) - (p{y)\ < (1 + t) |x - y\^ , 

B{0, r)nnC(j)(^B (^0, y) n C B{0, 2r) n 0, (5-64) 

Er\B{t),r) d (f(^z r\B (q, C EdB{Q,2r). 

Proof Since E D Li, any blow-up limit F oi E at x contains Li, so it is a 
sliding minimal cone contains Li. By Theorem 3.11, we can get that F = Li 
or F = Z L) Li, where Z \s a cone of type P+ or Y+. If T = Li, by Lemma 
5.2, then there exists a ball B{x,r) such that E n B{x,r) = Lid B{x,r), 
thus (5.64) hold automatically. If F ^ Li, then F = Z L) Li where Z is 
a sliding minimal cone of type P+ or Y+; we get that Oe{x) = | or |, by 
Proposition 5.11, we obtain the conclusion. □ 


6 Regularity of sliding almost minimal sets II 

In the previous section, we get some regularity for sliding almost minimal 
sets with whose boundary is a plane. In this section we will give a similar 
result, but with where the boundary is a manifold. 

Let S C be a connected closed set such that the boundary dH is a 
2-dimensional manifold. For any x £ dE, the tangent cone of S at x is a 
half space, and the boundary of the half space is the tangent plane of dT, at 

X. 

Theorem 6.1. Let S be as above, x £ dE, U be a neighborhood ofx. Suppose 
that E gTi is an (U, h)-sliding-almost-minimal set with sliding boundary dE 
and that E D Then for each small r > 0, we can find a radius p > 0, a 
sliding minimal cone Z in LI with sliding boundary Li and a biHolder map 
(j) : B{x, ’ip/2) n n —>• B{x, 2p) n S such that 

4>{x) £ dT, for X £ Li, \\(f> — id||oo < 3r, 

C\x- < \(j){x) - (j){y)\ < C~^ |x - y|i+^ , 

B{x, p)nTC(j)(^B (^X, y ) n C B{x, 2p) n S, (6-1) 

E r\ B{x, p) G (j) (^z n B ^x, ^ C E n B{x, 2p), 

where is the tangent cone of T at x and Li is the boundary of LI. 
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The strategy of the proof will be the same as for Corollary 5.12. We do 
not want repeat the whole section above, because most of the statements 
and proofs still work. We only give a sketch. 

Firstly, Lemma 5.1 is still true when we replace and Li by S and 
respectively. That is, it can be stated as follows: 

Lemma 6.2. Let S and dT, be as in Theorem 6.1. Suppose that E <zTi is 
[U, h)-sliding-almost-minimal. If for each t > 0, we can find ei(r) > 0 such 
that if X € E D dT, and r > 0 are such that 

B{x,r) C U,h{2r) < ei(r), [ < ei(r),r) < + ei(r), 

Jo t 

then for every p G (0,9r/10] there is a sliding minimal cone Zx such that 

dx,p{E,ZP) < r, 

and for any ball B{y,t) C B{x,p), 

\'H\E n B{y, t)) - n\ZP n B{y, t))| < Tp\ 

where Zx is a sliding minimal cone in Tx with sliding boundary Tx, where 
we denote by Tx and Tx the tangent cone ofT at x and tangent plane of dT 
at X respectively. If E D dT, then we can suppose that Zx D Tx. 

For each x G C/ H dT H E, we see that any blow-up limit Z of i? at x 
is a sliding minimal cone in Tx with sliding boundary Tx, see [6, Theorem 
24.13]. If D dT, we have that Z D Tx, thus Z = Tx or Z = TxU Z', where 
Z' is a sliding minimal cone in Tx with sliding boundary Tx of type P+ or 
Y+. Hence, we get that 9e{x) = 1, | or 

Similar to Lemma 5.2, we can get that if E D dT is sliding almost 
minimal and a blow-up limit of i? at x G dT is the tangent plane Tx of dT at 
that point, then there exists r > 0 such that Er]B(x, r) = dTfiB{x, r). Once 
we get that, we can show a similar result to Lemma 5.3. That is, if i? C S is 
{U, /i)-sliding-almost-minimal and E D dT, then, by putting E = E \ T, we 
shall have n dT n 17) = 0 and F is also {U, /i)-sliding-almost-minimal. 
Thus, Op{x) can only take two values. That is, | and |. 

Finally, if C S is sliding almost minimal, x G H we can get 
that if 6e{x) = ^ or |, then the sliding minimal cone Zx which is taken in 
Lemma 6.2 is of type or Y+; if if D dT and 6e{x) = 1, then Zx = TL; if 
9e{x) = § or then Zx = TxU Z, Z is of type or Y+. 

We also need a lemma like Lemma 5.4. 

Lemma 6.3. Let T and dT be as in Lemma 6.2, U be an open set. Let 
E C T be a {U,h)-sliding-almost-minimal set. Let e G (0,1/100) be a small 
number. Suppose that x G 17 H dT n E, 6e{x) = | or |. If B{x,2ro) C U, 
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and for any y € ED dE n B{x, tq) and any 0 < p < tq, there exists a sliding 
minimal cone Zy in Vty (the tangent cone of T, at y) with sliding boundary 
dVly such that 

dy^r{E,ZP) < e, 

then there exists a radius r > 0 such that for any z € E Ci B{x,r), we can 
find a point a G E f^B{x, 2r) H satisfying 

dist( 2 ;, dE) > (1 — 10e)|^ — a|. 

Now, we state a similar result as Lemma 5.5 and Lemma 5.8, or rather, 
a similar result as Remark 5.7 and Remark 5.10. The proof can be adapted 
from the proof of Lemma 5.5 and Lemma 5.8. 

Lemma 6.4. Let T, and dTi be as in Lemma 6.2. Let E G T, be a {U,h)- 
sliding-almost-minimal set such that 0e{x) G {^, |, |, x ^ E H dH Pi U. 

If T £ (0,1) is a small enough number, then we can find £ 2 ( 7 ") > 0 such that 
when 

p20r L /jpipi 

B{x, lOr) C U, h{20r) < £ 2 (r), / —-— < £ 2 ( 1 '), 6 »£;(x, lOr) < 6 'e(x)+£ 2 (t), 

Jo t 

for some r > 0, we have that for any y € E Ci B{x, r), and any 0 < t < 2r, 
there exists a cone or a sliding minimal cone Z{y,t) satisfying 


dy,t{E,Z{y,t)) < T, 

where Z{y, t) is a cone when 0 < t < dist(x, Z(y, t) is a sliding minimal 
cone centered at a point in B{x,r) H (9S when dist(y, OS) <t< 2r. 

Proof of Theorem 6.1. Without loss of generality, we assume x = 0. Let Vl 
be the tangent cone of S at 0, Li be the tangent plane of dE at 0. Then Lt 
is a half space, and Li is its boundary. Let r > 0 and r > 0 be as in Lemma 
6.4. Since is a 2-dimensional manifold, for any e G (0, r), we can find 
a radius 0 < R < ^ and a diffeomorphism / : 12 H R(0, R) —>■ S such that 
/(O) = 0, Df{0) = id, /(Li n B{0,R)) C as and 

\\Df{x) -id|| < £. 


We put 

F = /-i(SnR(0,R)). 

For any x € E and 0 < t < 2r, by Lemma 6.4, we can find a minimal 
cone or a sliding minimal cone Z{f{x),t) such that 


then 

dx,ii-e)t {f~^{E n B{0, R)), Z\x, t)) <{1 + £)r. 
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where we assume that Z{f{x),t) is centered at a, and denote 
Z'{x, t) = Df~^{x) {Z{f{x),t) -a) + f~^{a). 


We note from Lemma 6.4 that if Z{f{x),t) is a sliding minimal cone, then 
it is centered at a point in dT,. Thus a G B{0,R) n dZ,, and Z{f(x),t) is a 
sliding minimal cone in Za with sliding boundary Ta- 

Since ||I?/(x)—id|| < e, we have \\Df~^{x)—id\\ < 2e. We take t) = 
Z{f{x),t) -a + then 

dx,{i-s)tiZ'ix,t)),Z"{x,t)) < 2e, 


thus 

dx,{i-£)t{F ') Z"{x, t)) < (1 + e)r + 2e. 

Z"{x,t) is a minimal cone or a sliding minimal. 

Let 71i : —7- be the translation which send point z to z — a + f~^{a). 
Then Z”{x,t) = Ta{Z{f{x),t)). If Z{f{x),t) is a sliding minimal cone, then 
Z"{x,t) is a siding minimal cone in Ta(Za) with sliding boundary Ta{Ta). 
We put y = then it is quite easy to see that Df{y) maps and Li 

to Ta{Za) and Ta{Ta) respectively. Since \\Df{y) — id|| < e, we can hnd a 
rotation TZy centered at point y, which will rotate Ta(Za) and Ta{Ta) to fl 
and Li respectively, such that 

dQ^i{ny{Z"{x,t)), Z"{x,t)) < 2e, 

then TZ{Z"{x,t)) is a sliding minimal cone in Q with sliding boundary Li. 

We take Z{x,t) = TZ{Z"{x,t)) when Z"[x,t) is a siding minimal cone, 
and take Z(x,t) = Z"{x,t) when Z"{x,t) is a minimal cone, then 

dx,{i-£)tiF, Z{x, t)) < (1 + e)r + 5e < 7r. 

By Corollary 4.2, we can hnd a radius r' G {0,R/2), a sliding minimal 
cone Z in n with sliding boundary Li, and a biHolder map ip : 3r' / 2) H 

14 —)• i?(0, 2r') n 14 such that 

ip{x) G Li for x £ Li and \\ip — id||oo < t, and 
(1 + t)~^ |x - < \(p{x) - ip{y)\ < {1 + t) \x - y\^ , 

B{0, r)nnC(p(^B ^0, n 14^ C .6(0, 2r') n 14, 

F n B{0, r') C (f (^Z n B ^0, ^ C F n B{0, 2r'). 

We now take cj) = f o ip. Then (^ : i?(0, ‘ir'/2) H H —)> S is a biHolder map, 
and we can easily check that (6.1) hold if we take p = r' /2. □ 
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7 Existence of two dimensional singular minimizers 

Let S C be a connected closed set such that the boundary dT, is a 2- 
dimensional connected compact manifold. Let G be any abelian group, 
L be a subgroup of the Cech homology group iLi(clS; G). We say a compact 
set E D dTj spans L if L is contained in the kernel of the homomorphism 
induced by the inclusion map dE —)• E. We set 

= {E C Tj \ E spans L}. 

From paper [9], we see that there exist a set Eq G we call it a Cech 
minimizer, such that 


n^{Eo\dj:)= min\E\dE). ( 7 . 1 ) 

Let’s check that Eq is also sliding minimal with boundary dT,. Let {(^do<t<i 
be any sliding-deformation in S. We put E = (Pi(Eq), denote by i : dE —>■ Eq 
and j : dE —?■ F the inclusion maps. We consider the map 

"C : X [0,1] —>• F, t) = (pt{x). 

It is continuous, and ^p{x,0) = j{x), ijj{x,l) = ^\dT,ix), thus the maps j : 
dT, —)• F and : dT, —)• F are homotopy equivalent. Then j* = 
where for any map between two topology spaces f : X ^ Y, we denote by /* 
the homomorphism Hi(X; G) Hi{Y ; G) induced by the map /. However, 
we know that = T’llso ° h thus 

j* = {^i\b)* = {^i\eo)* ° i*- 

But we know that i*(L) = 0, thus j*{L) = 0, and F €‘Y’, so 

n‘^{F\dj:) > n^{Eo\dj:), 


Eq is sliding minimal. 

We now consider an analogous topic, that replace Cech homology by 
singular homology. Since dT, is a two dimensional manifold, the singular 
homology groups and Cech homology groups coincide, that is, Hi{dT,;G) = 
Hi{dTi]G). We say that a compact subsets E D dY spans L in singular 
homology, if L is contained in the kernel of the homomorphism Hi{dY] G) —)• 
Hi{E]G) induced by the inclusion map dY —)• E. We consider another 
collection of compact sets 

= {E \ E spans L in singular homology}. 

It is quite easy to see that =5^ C that is because there is a canoni¬ 
cal homomorphism from singular homology group to Cech homology group 
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Hi{E] G) —)• Hi{E; G), and the following diagram commutes: 

H,{dE-,G) - ^HiiE-,G) 

I 

HiidE-G) - ^HiiE-,G). 

If E spans L in singular homology, then from the above commutative dia¬ 
gram, we can get that E spans L in Cech homology, thus ^ Our goal 
is to hnd a singular minimizer, that is, we want to hnd a set E G =5^, we call 
it a singular minimizer, such that 

n^{E\dE) = inf H^{E\dE). 


Proposition 7.1. Let S, G, L he as above. Then there exists a singular 
minimizer. 

Proof. Let Eq be a Cech minimizer. We know, from above discussion, that 
Eq is sliding minimal. Thus for any x € Eq, there is a neighborhood of x 
where Eq is biHolder equivalent to minimal cone and by a biHolder mapping 
that preserves dE. By a same argument as in [5, Section 6], we conclude 
that Eq is Holder neighborhood retract. Let’s check that Eq is a singular 
minimizer. It is sufficient to show that Eq spans L in singular homology. 
Indeed, the canonical homomorphism Hi{Eq-, G) —)• Hi{Eq-, G) is an isomor¬ 
phism since Eq is neighborhood retract, see for example [8, 12]. Now Eq is a 
Cech minimizer, Eq spans L in Cech homology, thus Eq spans L in singular 
homology, and we get the conclusion. □ 
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